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Abstract. A group G is called an A-group, where A is a given Abelian group, if it comes equip-
ped with an action of A on G which mimics the way in which Z acts on any group. This action

is codified in terms of certain axioms, all but one of which were introduced some years ago by
R. C. Lyndon. For every such G and A there exists an A-exponential group GA which is the
A-completion of G. We prove here that if G is a torsion-free hyperbolic group and if A is a

torsion-free Abelian group, then the Lyndon’s type completion GA of G is G-discriminated
by G. This implies various model-theoretic and algorithmic results about GA:
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1. Introduction

1.1. A-GROUPS AND A-COMPLETIONS

Let A be an additively written Abelian group. We term A unitary if it comes equip-

ped with a distinguished nonzero element, which we denote by 1. Such unitary Abe-

lian groups can be likened to topological spaces with base points. Distinguishing a

nonzero element in an additively written Abelian group amounts simply to the spe-

cification of one of its cyclic subgroups, with a specific choice of generator. A typical

example of a unitary Abelian group is the additive group Aþ of a unitary ring A with

the ring identity as the distinguished element. Unitary Abelian groups form a cate-

gory where morphisms are the unitary homomorphisms (i.e., homomorphisms which

map 1 to 1) and the subobjects are unitary subgroups (subgroups containing the dis-

tinguished element 1). We will henceforth adopt the notation A0 4A in order to

express the fact that A0 is a unitary subgroup of the unitary Abelian group A.

Now let A be an unitary Abelian group. A group H is termed an A-group if it

comes equipped with a function H� A ! H: ðh; aÞ 7! ha satisfying the following

conditions for arbitrary g; h 2 H and a; b 2 A:

h1 ¼ h; haþb ¼ hahb; g
1hag ¼ ðg
1hgÞa;

and if g and h commute, ðghÞa ¼ gaha:
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In the event that A is a unitary ring we assume also that hab ¼ ðhaÞb:

We shall simply refer to such A-groups, in all of their incarnations, as exponential

groups. Every group G is a Z-group, where here the set Z of integers can be viewed

either as a unitary Abelian group with distinguished element 1 or as a unitary ring,

with Z acting on G by exponentiation as usual. More generally, when A is a torsion-

free, unitary Abelian group, the assumption that G be an A-group, means not only

that A acts on G so that the natural conditions involving exponentiation hold, but

also that the infinite cyclic subgroup of A generated by 1 acts on G in precisely

the way that Z acts on any group. In the event that A is a torsion-free, unitary

Abelian group we shall sometimes, without explicit mention, denote the subgroup

of A generated by 1 by Z.

The most well-known, nontrivial, examples of A-groups are those in which A

is a binomial ring [11], the field Q of rational numbers [3] and the ring Z½x� of

integral polynomials in a single variable x, introduced by R. C. Lyndon in [18].

Lyndon introduced such A-groups in order to describe the solutions of equa-

tions in a single variable with coefficients in a free group – we shall have more

to say about this later. A detailed investigation of A-groups and A-completions

(see the paragraph that follows for the definition) when A is a unitary ring, has

recently been carried out by A. Myasnikov and V. Remeslennikov in [21] and

[22]. As already noted, they termed such groups exponential groups and we have

expanded their terminology to include the case of unitary Abelian groups, as

detailed above.

There is a connection between these two types of A-groups. In order to understand

how this comes about, recall that the centroid ([17]) of a groupH is the set GðHÞ of all

mappings g :H
!H satisfying the following two conditions (here hg is the image of

h 2 H under g 2 GðHÞ):

ðghÞg ¼ gghg if gh ¼ hg and ðg
1hgÞg ¼ g
1hgg :

It is easy to verify that G becomes a ring on defining multiplication to be composition

of mappings and addition by hgþk ¼ hghk:

Notice that GðHÞ is an unitary ring and H can be viewed as GðHÞ-group in the

obvious way.

Now suppose that A is an unitary Abelian group and that H is an A-group. There

is a canonical homomorphism, say, r : A
!GðHÞ, where rðaÞ is simply the exponen-

tiation in H defined by a 2 A. Thus, a group H is an A-group if and only if there

exists an unitary homomorphism of A into the centroid of H. This means that every

A-group is also an R-group, where R is a unitary subring of GðHÞ generated by rðAÞ.
The structure of such unitary rings R generated by homomorphic images of A will

play an important part in the understanding of so-called A-completions of various

groups (see the remarks that follow).

For a unitary Abelian group A, the appropriate class of exponential groups con-

stitutes a category in which one can define the usual notions of morphism (A-homo-

morphism), subobject (A-subgroup) and quotient.
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If A0 is a unitary subgroup of a unitary Abelian group A, then every A-group can

be viewed also as an A0-group, via restriction. On the other hand, suppose that

A0 4A and G is an A0-group. Then there exists an A-group H and an A0-homo-

morphism m : G
!H such that for every A-group K and every A0-morphism

y : G
!K, there exists a unique A-homomorphism f : H
!K such that fm ¼ y,
i.e. the following diagram commutes:

The A-group H is unique up to isomorphism of A-groups. It is termed the ðA0;AÞ-

completion of G or the A-completion of G if A0 is the subgroup of A (subring of A) gen-

erated by 1. Following [21], we denote the completion in every instance simply by GA.

Let now A be a unitary Abelian group. By general nonsense there exists a unitary

ring, which we denote by frðAÞ and a unitary homomorphism a : A
! frðAÞþ, such

that for every unitary ring R and every (unitary) homomorphism b : A
!Rþ, there

exists a unique unitary ring homomorphism g : frðAÞ 
!R such that ga ¼ b, i.e. the
following diagram commutes:

We term frðAÞ the unitary ring freely generated by A. The structure of frðAÞ turns

out to be important here. In Section 2, we shall prove that frðAÞ can be embedded in

a free associative algebra over the field Q of rational numbers, provided A is torsion-

free. More precisely, suppose that f1g [ X is a maximal Z-linearly independent set of

elements of A. Let LX be the subgroup of A generated by X and let TðLXÞ be the ten-

sor power of LX over Q:

TðLXÞ ¼
M1
n¼0

TnðLXÞ:
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Let fX be the canonical, unitary embedding of A into T0ðLXÞ � T1ðLXÞ (see Sec-

tion 2.3). Then the following theorem holds.

THEOREM A. Let A be a torsion-free, unitary Abelian group. Then the canonical

extension of fX to a unitary ring homomorphism from frðAÞ into TðLXÞ is a mono-

morphism.

In Section 3, we shall prove that if G is a group and A is a unitary Abelian group

then

GA ¼ GfrðAÞ:

Thus our A-completions (A is a unitary Abelian group) coincide with frðAÞ-comple-

tions ( frðAÞ is a unitary ring), which means that we can avail ourselves of [22].

It is worth giving some examples here.

If A ¼ gpð1Þ � C, here C is an infinite cyclic group, then frðAÞ ¼ Z½x�, where Z½x�

is the ring of integral polynomials in a single variable x. Hence, GA ¼ GZ½x�; in par-

ticular, the A-completion FA of a free group F is just Lyndon’s completion FZ½x�.

Similarly, if A ¼ Q
þ
� C is a unitary Abelian group (here Q

þ is the additive group

of rational numbers and C is an infinite cyclic group) with the identity of Q the

distinguished element in A, then frðAÞ ¼ Q½x� is the ring of polynomials in the single

variable x with coefficients in Q and GA ¼ GQ½x�.

Finally, let A be a torsion-free unitary Abelian group A of rank one (i.e., f1g is a

maximal linear independent subset of A). Denote by QA the subring of Q generated

by 1 and the rational numbers 1=p, for which the p-Sylow subgroup of the quotient

A=gpð1Þ is nontrivial. Then frðAÞ ¼ QA and GA ¼ GQA . Notice, that if A ¼ gpð1Þ then

QA ¼ Z, and in this event GA ¼ G.

In general, completions GA are impossible to understand. However in the case

where A is a torsion-free, unitary Abelian group and G is a torsion-free CSA-group,

the structure of both frðAÞ and GfrðAÞ can be reasonably well determined.

We recall from [22] that a group G is called a CSA group if every maximal abelian

subgroup M of G is malnormal, i.e., Mg \M ¼ 1 for every g 2 G
M:

The class of CSA-groups is quite substantial. It includes all Abelian groups, all

torsion-free hyperbolic groups [21] and all groups acting freely on L-trees [1] as well
as many one-relator groups – a complete description of one-relator CSA-groups was

obtained by D. Gildenhuys, O. Kharlampovich and A. G. Myasnikov in [13].

We shall discuss this, as well as other results, in Sections 2 and 3. In particular, we

shall prove the following theorem:

THEOREM B. Let G be a torsion-free CSA-group and let A4B be unitary rings of

characteristic zero or torsion-free, unitary Abelian groups. Then the canonical map

GA 
!GB is a monomorphism.

We have focused attention here on frðAÞ, the free unitary ring generated by A. In

fact it turns out that there are a host of different unitary rings ‘generated’ by A. We

shall discuss this further in Sections 2 and 3.
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1.2. EXTENSION OF CENTRALIZERS

The key to A-completions is a construction termed extension of centralizers by

A. Myasnikov and V. Remeslennikov in [21, 22] and carefully investigated by them.

We recall the definition. Let G be a group and let CðuÞ denote the centralizer of an

element u 2 G. Suppose that CðuÞ is Abelian and that f : CðuÞ 
!A is a mono-

morphism of CðuÞ into an Abelian group A. Then the amalgamated product

Gðu;AÞ ¼ hG � A j CðuÞ ¼ CðuÞfi

is called an extension of the centralizer CðuÞ by the group A with respect to f or, more

briefly, an A-extension of CðuÞ. We shall, for the most part, assume that f is simply

inclusion, in which case we will omit any mention of it. It turns out [22], in the event

that A is a unitary ring which is additively torsion-free, that A-completions of a

torsion-free CSA group (in particularly, a torsion-free hyperbolic group) G can be

constructed by repeatedly forming extensions of centralizers. Namely, the A-comple-

tion GA is the union of an infinite chain of groups:

G ¼ G0 4G1 4 � � � 4Ga 4Gaþ1 4 � � � 4Gd ¼ GA;

here, for each ordinal a < d (writing C additively for the moment),

Gaþ1 ¼ fGa � ðC�Z AÞ j c ¼ c� 1 ðc 2 CÞg

is an A-extension of some centralizer C in Ga and, for each limit ordinal l,
Gl ¼

S
b<l Ga.

In Section 5 we carry out a detailed investigation of residual properties of exten-

sions of centralizers. This then allows us, making use of the construction above, to

deduce some residual properties of A-completions of torsion-free hyperbolic groups.

1.3. G-GROUPS, SEPARATION AND DISCRIMINATION

Let G be a given group. Then a group H is termed a G-group if it comes equipped

with a monomorphism f : G
!H: It follows that the class of G-groups is simply

the class of those groups H which come equipped with a given embedding of G into

H. We shall, for the most part, assume that f is the inclusion of G into H. If G is the

trivial group, then a G-group is simply a group. Notice that G is itself a G-group,

where here f is the identity map. Following usual custom, we term a homomorphism

y of a G-group H0 into a G-group H a G-homomorphism if yðgÞ ¼ gðg 2 GÞ: We

observe, on identifying G with its image in the G-group H, that a G-homomorphism

from H to the G-group G is simply a retraction ofH to G, i.e., a homomorphism ofH

to its subgroup G which is the identity on G. We will make much use of the two defi-

nitions that follow.

DEFINITION 1. Let H and K be G-groups and let F be a family of G-homo-

morphisms of H into K. We term F a G-separating family if for each h 2 H, h 6¼ 1,

there exists f 2 F such that fðhÞ 6¼ 1. In this event we also say that K G-separates H.
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If G ¼ 1, then we omit any reference to G and simply say that K separates H or H

is separated by K. In this event, following usual practice, we also sometimes say that

H is residually K.

DEFINITION 2. Let H and K be G-groups and let F a family of G-homo-

morphisms ofH into K. We term F a G-discriminating family if for each finite subset

H0 of nontrivial elements of H, there exists a homomorphism f 2 F such that

fðhÞ 6¼ 1 for every h 2 H0 (we say that f discriminates the finite set H0). In this event

we say that K G-discriminates H.

Again, if G ¼ 1 we say that K discriminates H; in this case some authors term H

fully residually K [2] or o-residually K [6].

Surprisingly, the property of being discriminated by a group K is, in general, much

stronger then that of being separated by K (see Section 1.5). In fact it is not hard to

obtain conditions which ensure that a group K which separates a second group H

also discriminates H. We address this problem in [8]. Here we only mention the fol-

lowing result from Section 4. If A is a torsion-free Abelian group, then any group

which is separated by A is discriminated by A, i.e., A discriminates everything it sepa-

rates. A dual result holds for non-Abelian CSA groups: if a non-Abelian CSA group

H is separated by a group K, then H is discriminated by K, i.e., H is discriminated by

everything that separates it.

1.4. RESIDUAL PROPERTIES OF COMPLETIONS

Our primary objective in this paper is to prove that certain completions of torsion-

free hyperbolic groups enjoy a number of residual properties. All of our results about

residual properties of completions stem from a general technique (‘the big powers

method’) involving relations of the form

h1u1
m1h2u2

m2 . . . un
mnhnþ1 ¼ 1;

where h1; . . . ; hnþ1; u1; . . . ; un are elements of certain torsion-free groups and the mi

are integers. It turns out, in particular, that if the mi are large enough in magnitude

and if for each i, h
1
iþ1uihiþ1 does not commute with uiþ1, then such a relation cannot

hold in any torsion-free hyperbolic group [9, 24]. This allows us to prove a number of

residual properties of various completions of, in particular, torsion-free hyperbolic

groups.

THEOREM C1. Let G be a torsion-free hyperbolic group and let Z½x� be the ring of

integral polynomials in a single variable x. Then GZ½x� is G-discriminated by G.

The following definition underlines the difference between the completions GZ½x�

and GQ.
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DEFINITION 3. Let A be a unitary subring of a unitary ring B of characteristic

zero and let G be an A-group.

(1) An ðA;BÞ-completion of G is said to be of type L (after R. C. Lyndon [18]) if

Bþ=Aþ is torsion-free.

(2) An ðA;BÞ-completion of G is said to be of type B (after the first author [3]) if

Bþ=Aþ is a torsion group.

This definition allows us to split the A-completion GA of an arbitrary torsion-free

hyperbolic group G by an unitary ring A of characteristic zero into two parts:

G4GQA 4GA; ð1Þ

where QA is the subring of A (and also that of Q) consisting of the pre-images of the

elements of A which are of finite additive order modulo Z, the subgroup generated

by 1. Notice, that the group Aþ=QA
þ is torsion-free, and QA

þ=Z is a torsion group.

Hence, GQA is a QA-completion of G of type B, and GA is an A-completion of GQA of

type L. The decomposition (1) is termed the B-L decomposition of the completion

GA. For example, if A is a unitary algebra over Q, then QA ¼ Q and therefore

G4GQ 4GA is the the B-L decomposition of GA; in particular, GA, the ðQ;AÞ-

completion of the Q-group GQ, is of type L.

Completions of type L are similar, in many respects, to Z½x�-completions.

THEOREM C2. Let G be a torsion-free hyperbolic group and let A be a unitary ring

with free Abelian additive group Aþ. Then any A-completion GA of type L of the group

G ðas Z-groupÞ is G-discriminated by G.

Theorems C1 and C2 are based on Theorem 4 from Section 6 which is our main

technical result about completions of hyperbolic groups. We will not formulate this

result here. Instead we give one more of its applications to completions of hyperbolic

groups by unitary abelian groups. Recall, that the subgroup gpð1Þ is isolated in the

unitary group A if the factor-group A=gpð1Þ is torsion-free.

THEOREM C3. Let G be a torsion-free hyperbolic group and let A be a unitary

abelian group. If A is free abelian and if gpð1Þ is isolated in A, then GA is G-dis-

criminated by G.

We shall give the proof of the main theorem, as well as its corollaries, in Section 6.

1.5. APPLICATIONS

One of the main applications of the theorems that we prove here is to what one might

term algebraic geometry over groups. We refer the reader to the paper [7] where the

basic theory is developed. In order to explain, let G be a given group, H a G-group, n

a positive integer and AnðHÞ the set of all n-tuples of elements of H:

AnðHÞ ¼ fða1; . . . ; anÞ j aj 2 Hg:
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We denote the free product of G and the free group freely generated by x1; . . . ; xn by

G½X�. If S is a subset of G½X�, we define

VðSÞ ¼ fða1; . . . ; anÞ 2 AnðHÞ j fða1; . . . ; anÞ ¼ 1 for all f 2 Sg:

A subset Y of AnðHÞ is termed algebraic if there exists a subset S of G½X� such that

Y ¼ VðSÞ. We term two subsets S and S0 of G½X� equivalent if they define the same

algebraic set, i.e., if

VðSÞ ¼ VðS0Þ:

The G-group H is then called equationally noetherian if given any subset S of G½X�

there exists a finite subset S0 of S which is equivalent to S. It turns out that if H

is G-discriminated by G and if G is equationally Noetherian, then so too isH [7]. This

fact together with Theorems C2 and C3 implies the following result.

THEOREM D1. Let G be an equationally Noetherian torsion-free hyperbolic group

ðin particular, a free groupÞ and let A be a unitary ring ðor free Abelian unitary groupÞ

with free Abelian additive group Aþ. Then any A-completion GA of type L of the group

G ðas Z-groupÞ is equationally Noetherian.

Another, perhaps the most important, application of the residual properties of

completions comes out of a description of the irreducible components of algebraic

sets. The discussion that follows will help to illuminate this remark. We refer the

reader to [7] for more details of this and related topics and some appropriate refer-

ences. Let G be an equationally Noetherian torsion-free hyperbolic group. If we take

the algebraic sets in AnðGÞ as the basis for a topology on AnðGÞ, the so-called Zariski

topology, then this topology is Noetherian. Hence, every closed set V of AnðGÞ is a

finite union of its irreducible components: V ¼ V1 [ � � � [ Vn: Every algebraic set

V � AnðGÞ is uniquely determined by the following normal subgroup of G½X�:

IðVÞ ¼ f fðx1; . . . ; xnÞ 2 G½X� j fða1; . . . ; anÞ ¼ 1 for all ða1; . . . ; anÞ 2 Vg:

The factor-group G½X�=IðVÞ ¼ GV is called the coordinate group of V. It turns out [7],

that a finitely generated G-group H is the coordinate group of some irreducible alge-

braic set if and only if H is G-discriminated by G. This observation, together with

Theorem C1 shows that all finitely generated G-subgroups of GZ½x� are coordinate

groups of irreducible algebraic sets. As far as we have been able to ascertain, given

a torsion-free hyperbolic group G, all known examples of finitely generated G-groups

which are G-discriminated by G, are G-embeddable in GZ½x�. It seems likely that GZ½x�

is the source of all examples of coordinate groups of irreducible algebraic sets over G.

For the next application of the main theorem we need some definitions from logic.

A universal sentence in the language of group theory, with constants from G; is a

formula of the type

8x1 . . . 8xn

�_s
j¼1

t̂

i¼1

ðujið �xx; �ggijÞ ¼ 1 & wijð �xx; �ffijÞ 6¼ 1Þ

�
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where �xx ¼ ðx1; . . . ; xnÞ are variables, �ggij and �ffij are arbitrary tuples of elements (con-

stants) from G. We say that the G-groups H1 and H2 are universally equivalent if they

satisfy exactly the same universal sentences with constants from G and we express

this by writing H1 �8 H2:

A subgroup G is called existentially closed in a group H, if any existential sentence

with constants from G holds in the whole group H if and only if it holds in the sub-

group G. Notice, that if G is existentially closed subgroup of a G-group H, then

G �8 H. It follows immediately from the definition that if a G-group H is G-discri-

minated by G, then G is existentially closed in H: Now it follows from Theorem C2

that

THEOREM D2. Let G be a torsion-free hyperbolic group. If A is a unitary ring of

characteristic zero and GA is an A-completion of G of type L, then G is existentially

closed in GA and GA �8 G.

Finally, we want to mention one result on decidability of universal theories.

THEOREMD3. Let F be a non-Abelian free group and let A be a unitary ring of char-

acteristic zero. Then every A-completion FA of type L has decidable universal theory.

Indeed, by Theorem D2 FA has the same universal theory as the free group F,

which is decidable ([20]).

In conclusion, we would like to mention that this paper is a partially expanded

version of the preprint [6].

2. Rings Generated by Unitary Abelian Groups

2.1. THE FREE RING GENERATED BY A UNITARY ABELIAN GROUP

Let A be a unitary Abelian group with distinguished element 1. We choose a presen-

tation of A, qua-Abelian group, which includes a specific generator x0 representing 1:

A ¼ hX;Riab:

We have elected to add the subscript ab in the presentation symbol to emphasise the

fact that this is a presentation in the category of Abelian groups. We now define a

ring rgðAÞ by generators and defining relations as follows:

rgðAÞ ¼ hX;R [ fx0x
 x; xx0 
 x j x 2 Xgi rg;

where now we use the subscript rg to emphasize the fact that we are working in the

category of (associative) rings.

The following lemma is an easy consequence of the definition of rgðAÞ.

LEMMA 1. Let A be a unitary Abelian group and let R be a unitary ring. Then every

unitary homomorphism f : A
!Rþ can be continued to a unique unitary ring

homomorphism f� : rgðAÞ 
!R.
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Proof. Consider the image A0 of A under f in R. Then A0 can be presented, qua

abelian group, in the form A0 ¼ hX;R0iab; where R0 is a set of relators containing R.

Notice that the image of x0 under f is the unit element of R and that the subring of R

generated by A0 has a presentation on the generating set X together with a system of

relations which includes the defining relations of rgðAÞ. Hence, f can be continued to

a unitary ring homomorphism of rgðAÞ into R, as claimed.

It follows immediately from Lemma 1 and the very definition of frðAÞ that we have

the

COROLLARY 1. The ring rgðAÞ generated by A coincides with frðAÞ.

We can think of rgðAÞ as being defined in terms of a universal mapping property

and therefore its definition is independent of the choice of generators X and its pre-

sentation in terms of these generators. Notice that frðZþ
Þ ¼ Z and frðQþ

Þ ¼ Q:

LEMMA 2. fr can be viewed as a covariant functor from the category of unitary

Abelian groups to the category of unitary rings.

Proof. We observe to begin with, that if a : A
!A0 is a homomorphism of

unitary Abelian groups, then this gives rise, first to a unitary Abelian group

homomorphism of A into the additive group of the ring frðA0Þ and thence, by

Lemma 1, to a ring homomorphism frðaÞ : frðAÞ 
! frðA0Þ. Since fr is clearly cov-

ariant, this completes the proof of the lemma.

COROLLARY 2. If a is an isomorphism from A to A0, then frðaÞ is an isomorphism

from frðAÞ to frðA0Þ.

Corollary 2 follows immediately from Lemma 2.

2.2. FREE ASSOCIATIVE ALGEBRAS

Let A be an unitary Abelian group and let a be the canonical homomorphism of A

into frðAÞ. Then it may well be the case that a is not a monomorphism. In the event

that A is torsion-free, a is always a monomorphism. The proof, in the torsion-free

case, that a is a monomorphism, carries with it some additional information about

frðAÞ, which will be needed in the sequel. In this subsection we prepare the way for a

deeper understanding of frðAÞ by introducing some needed notation and proving

some simple facts about free associative algebras.

To this end, let S be an unitary ring, let X a be a non-empty set and let R ¼ ShXi

denote the free unitary ring over S freely generated by X. So

R ¼
M1
i¼0

Ri;

where R0 ¼ S and Rn is the free left S-module freely generated by all of the mono-

mials in X of degree n. Two special cases will be of special interest to us – that in
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which S ¼ Z, the ring of integers, and the case where S ¼ Q, the field of rational

numbers.

The following proposition is presumably well known, but we give a proof for

completeness.

PROPOSITION 1. Let R ¼ QhXi be the free associative algebra over Q in the

variables X and let f1g [ Y be a Q-linearly independent subset of R0 � R1. Then the

unitary Q-subalgebra of R generated by Y is a free associative unitary algebra over Q

freely generated by Y.

The proof of Proposition 1 requires a number of steps, which we record here as

lemmas. The first of these is

LEMMA 3. Let R ¼ QhXi and let f be a surjective unitary Q-algebra homomorphism

of R onto itself. If X is finite, then f is an automorphism.
Proof. Let RðnÞ ¼

L1

i¼n Ri: Then RðnÞ is an ideal of R which is invariant under

every endomorphism of R. Hence f induces a homomorphism fn of the finite-

dimensional algebra R=RðnÞ onto itself for every n. So fn is an automorphism. SinceT1

n¼1 RðnÞ ¼ 0 it follows that f is an automorphism.

COROLLARY 3. Let R ¼ Q½X� and let f1g [ Y be a finite, linearly independent

subset of R0 � R1. If X is finite, then the unitary Q-subalgebra of R generated by Y is a

free Q-algebra, freely generated by Y.

Proof. We enlarge f1g [ Y to a basis f1g [ Y0 of R0 � R1. Then there is a map f
from X to Y0 which induces an unitary Q-algebra epimorphism, which we again

denote by f, from R to R. By Lemma 3, f is an automorphism. Hence the unitary

Q-subalgebra of R generated by Y is a free Q-algebra, freely generated by Y.

We are now in position to prove Proposition 1. To this end, let Y0 be a finite subset

of Y. We prove first that the unitary Q-algebra S generated by Y0 is free on Y0. To

this end, observe that every element of Y0 is a linear combination of elements in X. It

follows that Y0 is contained in the subspace spanned by X0, where X0 is a finite subset

of X. Since the unitary Q-subalgebra of R generated by X0 is freely generated by X0, it

follows immediately from Corollary 3 that the unitary Q-subalgebra of R generated

by Y0 is freely generated by Y0. It follows that the monomials in Y are linearly inde-

pendent over Q and therefore that Y freely generates a free associative algebra over

Q, as required.

2.3. THE RING fr(A)

We concern ourselves now with the case of a unitary abelian group A, where A is

torsion-free. Let f1g [ X be a maximal Z-linearly independent set of elements of

A. Let LX be the subgroup of A generated by X and let TðLXÞ be the tensor power

of LX over the field Q of rational numbers. So
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TðLXÞ ¼
M1
n¼0

TnðLXÞ

is a graded algebra over Q which can be identified with the free associative unitary

algebra with coefficients in Q generated by X. Here T0ðLXÞ ¼ Q and T1ðLXÞ is the

subspace of TðLXÞ spanned by X. In particular, it follows that LX is embedded in

T1ðLXÞ. We now identify the subgroup gpð1Þ in A with the additive group of integers

in Q by identifying 1, qua-element of A, with 1, qua-element of Q. The embeddings

of gpð1Þ and LX in TðLXÞ give rise to an unitary embedding fX of A into the additive

Abelian group of TðLXÞ, viewed as a unitary Abelian group; observe that the image

of A is contained in T0ðLXÞ � T1ðLXÞ. We denote by frXðAÞ the unitary subring of

TðLXÞ generated by fXðAÞ. We will identify frXðAÞ with frðAÞ, which allows us to bet-

ter understand the structure of frðAÞ.

We denote below the isolator of a subgroup N of an Abelian group A by
ffiffiffiffi
N

p
; so by

definition,
ffiffiffiffi
N

p
is the pre-image in A of the torsion subgroup of A=N:

When A is free Abelian, A=
ffiffiffiffiffiffiffiffiffiffiffi
gpð1Þ

p
is also free Abelian and, hence, we can express

A as a direct sum A ¼
ffiffiffiffiffiffiffiffiffiffiffi
gpð1Þ

p
� C, where C is free Abelian. Under these circumstan-

ces we choose X to be a free set of generators of C. Notice that
ffiffiffiffiffiffiffiffiffiffiffi
gpð1Þ

p
is infinite cyc-

lic, generated by b, say; hence mb ¼ 1, for a suitable choice of the integer m. We will

make use of these remarks as well as the accompanying notation in the sequel.

Notice that it follows from the fact that A is embedded in frðAÞ. The following

lemma then holds.

LEMMA 4. Suppose that A is free Abelian and that X is chosen in the manner described

above. Furthermore, suppose that f is the extension of fX to a unitary ring homo-

morphism of frðAÞ onto frXðAÞ and that L is the subring of Q generated by 1=m. Then

ð1Þ f is an isomorphism;

ð2Þ frðAÞ ffi LhXi:

Proof. Observe, that A ¼
ffiffiffiffiffiffiffiffiffiffiffi
gpð1Þ

p
� LX. It follows, that frXðAÞ ¼ LhXi. Now f

maps the subring L0 of frðAÞ generated by
ffiffiffiffiffiffiffiffiffiffiffi
gpð1Þ

p
onto L. It follows then from the

fact that
ffiffiffiffiffiffiffiffiffiffiffi
gpð1Þ

p
is embedded by f in L, that f maps L0 isomorphically onto L. So,

identifying L0 with L, it follows that frðAÞ can be thought of as a unitary L-algebra
generated by X. Since the image of frðAÞ under f is LhXi, f is an isomorphism from

frðAÞ to frXðAÞ. We have therefore proved both of the assertions (1) and (2).

The following corollary is an immediate consequence of Lemma 4.

COROLLARY 4. If A is a finitely generated unitary, free abelian group and if gpð1Þ is

isolated in A, then frðAÞ is a free associative unitary algebra over the ring Z of integers:

frðAÞ ffi ZhXi:

We are now in a position to prove the following theorem, where we again adopt

the notation developed above.
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THEOREM A. Let A be a torsion-free, unitary Abelian group. Then the canonical

extension of fX to a unitary ring homomorphism f from frðAÞ onto frXðAÞ is an iso-

morphism and hence frðAÞ is, additively, torsion-free.

Proof. Let A0 be a finitely generated, unitary subgroup of A. Let y be the

extension of the inclusion of A0 into A to a unitary ring homomorphism of the

unitary ring frðA0Þ into frðAÞ. Consider the composition c ¼ fy of frðA0Þ into frXðAÞ.

Now f, restricted to A, is a monomorphism and c, restricted to A0, is simply f,
restricted to A0. Let B0 be the isolator of gpð1Þ in A0. Then B0 is cyclic, generated by,

say b, and there exists an integer m such that mb ¼ 1. Let fbg [ X0 be a free set of

generators of A0. Since c embeds A0 into frXðAÞ, it follows that fbg [ X0 is a linearly

independent subset of R0 � R1. Hence the unitary Q-subalgebra of R ¼ QhXi gen-

erated by X0 is, by Proposition 1, a free Q-algebra, freely generated by X0. So if L is

the subring of Q generated by B0, it follows that the unitary subring of frXðAÞ

generated by cðA0Þ is isomorphic to LhX0i and thence that c is an isomorphism.

Since A0 is an arbitrarily chosen unitary subgroup of A, it follows that f is an iso-

morphism, as claimed.

The following corollaries are immediate consequences of Theorem A.

COROLLARY 5. If A ¼ Q
þ
� C is a unitary Abelian group ðhere Q

þ is again the

additive group of rational numbers and C is an infinite cyclic groupÞ with the identity of

Q the distinguished element in A, then frðAÞ ¼ Q½x� is the ring of polynomials in the

single variable x with coefficients in Q.

COROLLARY 6. Let A be a torsion-free unitary Abelian group A of rank one ði.e.,

f1g is a maximal linearly independent subset of AÞ. Denote by QA the subring of Q

generated by 1 and the rational numbers 1=p, for which the p-Sylow subgroup of the

quotient A=gpð1Þ is nontrivial. Then frðAÞ ¼ QA:

COROLLARY 7. Let A be a torsion-free, unitary Abelian group. If A is divisible,

then frðAÞ is a free, unitary algebra over Q, freely generated by X, where f1g [ X is a

maximal linearly independent set in A.

COROLLARY 8. Let A be a torsion-free, unitary Abelian group. Then frðAÞ �Z Q is

a free Q-algebra, freely generated by X, where f1g [ X is a maximal linearly inde-

pendent set in A. In particular, frðAÞ �Z Q ’ frðA�Z QÞ.

COROLLARY 9. Let A4B be torsion-free, unitary Abelian groups. Then the

inclusion A
!B gives rise to the canonical embedding frðAÞ 
! frðBÞ.

We need to extract some additional information from the proof of Theorem A.

PROPOSITION 2. Let A4B, where B is a torsion-free, unitary Abelian group. Then

the following hold.
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ð1Þ If B is free Abelian and B is A-discriminated by A, then frðBÞþ is frðAÞþ-discrimi-

nated by frðAÞþ.

ð2Þ If A is divisible, then frðBÞþ is frðAÞþ-discriminated by frðAÞþ.

ð3Þ If B is divisible, then frðBÞþ is frð
ffiffiffiffi
A

p
Þ
þ-discriminated by frð

ffiffiffiffi
A

p
Þ
þ.

ð4Þ If B is finitely generated and A is isolated in B, then frðBÞþ is frðAÞþ-discriminated

by frðAÞþ.

ð5Þ If B is free Abelian and gpð1Þ is isolated in B, then frðBÞþ is gpð1Þ-discriminated by

gpð1Þ, i.e., frðBÞþ is discriminated by Z.

Proof. We simply follow the steps in the proof of Theorem A in each of the

situations described above.

(1) To begin with we note that since B is A-discriminated by A, there is an A-homo-

morphism of the unitary Abelian group B onto A, i.e., a retraction of B onto its

subgroup A. It follows that A is a direct summand of B : B ¼ A� A0. Since A0 is

a subgroup of the free Abelian group B, it too is free Abelian and, hence, has a

free basis Y0, say. Choose a basis fbg [ Y for A, where here b 2 A is a generator

of
ffiffiffiffiffiffiffiffiffiffiffi
gpð1Þ

p
in A. It follows that mb ¼ 1 for some choice of the integer m. Put

X ¼ Y [ Y0. It follows then from the proof of Theorem A, that if L is the

subring of Q generated by 1=m, then

frðAÞ ¼ LhY i and frðBÞ ¼ LhXi:

Thus the additive group frðBÞþ is a direct sum of frðAÞþ and some Abelian

group C which is a free L-module. Obviously, C is separated by Lþ and, hence,

C is separated by frðAÞþ. Now, by Lemma 7 (see Section 4.1) the group C is dis-

criminated by frðAÞþ, and consequently, frðBÞþ ¼ frðAÞþ � C is frðAÞþ-discrimi-

nated by frðAÞþ.

(2) Now a divisible subgroup of an Abelian group is a direct summand. So, as in

the proof of (1), we find that B ¼ A� C. In this case, however,
ffiffiffiffiffiffiffiffiffiffiffi
gpð1Þ

p
is an

additive copy of Q. So if f1g [ X is a maximal linearly independent set in A

and Y a maximal linearly independent set in C, then frðAÞ ¼ QhXi and

frðBÞ ¼ QhX [ Yi. An analogous argument to that given in (1), yields then

the desired conclusion.

(3) In order to prove (3), notice that
ffiffiffiffi
A

p
is a divisible subgroup of the divisible

group B. Now the desired conclusion follows from (2).

(4) Since here A is a direct summand of B, B is A-discriminated by A. So (4) is now

an immediate consequence of (1).

(5) Since gpð1Þ is isolated in B, it is a direct summand. The desired conclusion fol-

lows readily either from (4) or (1).

There is an analogous ring abrðAÞ to frðAÞ, defined by adding to the relations of

frðAÞ the extra relations xy
 yx where x and y range over X (see Section 2.1). There
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are then analogues of the results that we have proved for frðAÞ. Indeed, all of these

results carry over to abrðAÞ where they take on a similar form with the various free

algebras replaced by free commutative algebras, i.e., the usual polynomial algebras

in the appropriate sets of variables. In fact if V is any variety of unitary (associative)

algebras over Q, then we can add to the defining relations of frðAÞ the relations that

define the free algebras in V.
We note here that it follows in much the same way as above, that if A is free abe-

lian and unitary and if gpð1Þ is isolated in A, then abrðAÞ ¼ Z½X� is the ring of inte-

gral polynomials in an appropriately chosen set of indeterminates X. In general,

abrðAÞ �Z Q ¼ Q½X�.

3. Completions

3.1. A-COMPLETIONS

We begin with the following lemma.

LEMMA 5. Let G be a group and let A be an unitary Abelian group. Then GfrðAÞ is the

A-completion of G.

Proof. Let m be the canonical homomorphism of G into GfrðAÞ and let y be a

homomorphism of G into an A-group H (see the diagram below). Consider the

centroid GðHÞ of H. Since H is an A-group, there is a unitary homomorphism r of A

into the additive group of GðHÞ
þ. So, by Lemma 1, r can be extended to an unique

unitary homomorphism of frðAÞ into GðHÞ. So H can be viewed as an frðAÞ-group.

Therefore there is an unique frðAÞ-homomorphism f from GfrðAÞ into H such that

fm ¼ y.

We can view f as an A-homomorphism from the A-group GfrðAÞ into the A-group

H. It follows that GfrðAÞ is the A-completion of G.

There is a relative version of the above lemma, which can be proved in exactly the

same way. This is the content of the next lemma.

LEMMA 6. Let G be a group and let A be an unitary Abelian group. Suppose that H is

an A-group and that B is the unitary subring generated by the canonical image of A in
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the centroid GðHÞ. If B is commutative, then there is a unique A-homomorphism of

GabrðAÞ into H.

Given the hypothesis of Lemma 6, we will refer to GabrðAÞ as the commutative

A-completion of G.

In the case where A is a torsion-free, unitary Abelian group we have proved that

frðAÞ is a subring of QhXi, the free unitary associative algebra, freely generated by an

appropriately chosen set X (see Section 2.3). As noted already in Section 2.3, there is

an analogous result for abrðAÞ, i.e., abrðAÞ is a subring of Q½X�, the free unitary com-

mutative algebra, freely generated by an appropriately chosen set X, which is simply

the algebra of polynomials over Q in the variables x 2 X. These results are an impor-

tant ingredient in determining the structure of the A-completions of a variety of dif-

ferent groups.

We remark, that there are a host of other rings in between frðAÞ and abrðAÞ, gen-

erated by a unitary Abelian group A, as we noted at the end of Section 2.3. We leave

the obvious extensions of the present discussion to the interested reader.

3.2. COMPLETIONS OF CSA-GROUPS

We have mentioned in Section 1.1 that, in general, completions GA are impossible to

understand. In the case where G is a torsion-free CSA-group and S is a unitary ring

of characteristic zero a concrete description of GS is obtained in [22].

By Lemma 5, the A-completion GA of a group G by an unitary Abelian group A is

simply the frðAÞ-completion GfrðAÞ. In view of Theorem A, in the event that A is a

torsion-free, unitary Abelian group, frðAÞ is a unitary ring of characteristic zero.

So the results obtained in [22] carry over in this case.

Combining results from [22] and Section 2 yields the following theorem.

THEOREM B. Let G be a torsion-free CSA-group and let A4B be unitary rings of

characteristic zero ðtorsion-free, unitary Abelian groupsÞ. Then the canonical map

GA 
!GB is a monomorphism.

Proof. Assume that A4B are unitary rings of characteristic zero. Let GA be the

A-completion of G. The group GA can be viewed as a partial B-group (i.e., expo-

nentiation by B is not always defined, but when it is, the usual axioms hold (see [22]

for details). In this event, we can consider the B-completion ðGAÞ
B of the partial

B-group GA which extends the given exponentiation by A (again see [22] for details).

Since G is a torsion-free CSA group and A is a ring of characteristic zero the

canonical homomorphism G ! GA is monic, and the completion GA is again a

torsion-free CSA group (see [22]). Now, it follows again from [22] that GA canoni-

cally embeds into ðGAÞ
B. To finish the proof of the theorem we need to show that GB

is canonically B-isomorphic to ðGAÞ
B.

Let y : G
!H be a homomorphism of G into an arbitrary B-group H. The group

H also can be viewed as an A-group, and, consequently, there exists a canonical

A-homomorphism from GA intoH, This then can be extended to a B-homomorphism
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from the completion ðGAÞ
B into the B-group H. So every homomorphism from G

into H can be extended to a unique B-homomorphism from ðGAÞ
B into H, i.e.,

ðGAÞ
B is the B-completion of G, as desired.

Now, suppose that A4B are torsion-free, unitary Abelian groups. By Theorem A

the rings frðAÞ and frðBÞ are unitary rings of characteristic zero. By Corollary 7 from

Section 2.3 the inclusion A
!B extends to a monomorphism of unitary rings

frðAÞ 
! frðBÞ. Finally, by Lemma 5, GA ¼ GfrðAÞ and GB ¼ GfrðBÞ. The desired result

is an immediate consequence of the discussion above.

Theorem B allows us to formulate the following result.

PROPOSITION 3. Let G be a non-Abelian CSA-group and let A be a torsion-free,

unitary abelian group. If H is a finitely generated subgroup of GA then H is contained in

a subgroup of the form GA0 , where A0 is a finitely generated unitary subgroup of A.

Proof. The group GA ¼ GfrðAÞ is frðAÞ-generated by G. If Y is a finite set of

generators of H4GA, then one needs just finitely many exponents from frðAÞ to be

able to express all elements from Y in terms of A-generators from G. Denote this

finite set of exponents by E. The group A generates the ring frðAÞ; therefore there is a

finitely generated subgroup A0 4A such that the subring rgðA0Þ4 frðAÞ contains the

set E. By Corollary 2 of Section 2.1, rgðA0Þ is isomorphic to frðA0Þ. It follows that H

is contained in the frðA0Þ-subgroup of GA, viewed as a frðA0Þ-group, generated by G;

by Theorem B, this subgroup is frðA0Þ-isomorphic to GfrðA0Þ.

4. Separation, Discrimination and CSA-Groups

We gather together in this section some simple results which will be of use in the

sequel.

Recall that a group G is a CSA group if its maximal Abelian subgroups are mal-

normal. As noted in the introduction, every Abelian group is a CSA group; so too is

every torsion-free hyperbolic group.

LEMMA 7. Let G be a torsion-free Abelian group. If G separates a group H then G

discriminates H:

Proof. Suppose that the group G separates a group H. Then H can be embedded

in a cartesian power P of G (see, for example, [12]). Let h1; . . . ; hn be nontrivial

elements of H. Then there exists a projection p of P onto a finite direct product

G� � � � � G such that pðhiÞ 6¼ 1 for i ¼ 1; . . . ; n. So, it suffices to prove that G dis-

criminates a finite direct product G� � � � � G: The result will follow if we prove that

G discriminates G� G: To this end let ða1; b1Þ; . . . ; ðan; bnÞ be nontrivial elements of

G� G. Since extraction of roots in a torsion-free Abelian group is unique, whenever

it is possible, there exists a positive integer k such that the homomorphism from

G� G into G defined by (note that we are using additive notation here)

ða; bÞ 7! aþ kb ða; b 2 GÞ

is monic on the set fða1; b1Þ; . . . ; ðan; bnÞg. This completes the proof.
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LEMMA 8. Let H be a non-Abelian CSA group. If H is separated by a group G then

H is discriminated by G:

Proof. Let H be a non-Abelian CSA group. We claim that for any nontrivial

a; b 2 H there exists x 2 H such that ½a; bx� 6¼ 1: Indeed, suppose that a nontrivial

element a commutes with all of the conjugates of a nontrivial b in H. Then it follows

from the commutative transitivity of CSA groups (see [22]), that the normal closure

B of b in H is Abelian, i.e., H contains a nontrivial normal Abelian subgroup B: Let

M be a maximal Abelian subgroup ofH containing B (notice that B 6¼ H). ThenM is

not malnormal in H, which is impossible since H is a CSA-group.

Suppose now that H is separated by a group G and suppose that h1; . . . ; hn are

arbitrary nontrivial elements in H. There exists an element x1 2 H such that

½h1; h
x1
2 � 6¼ 1. Hence there exists an element x2 2 H such that ½½h1; h

x1
2 �; hx23 � 6¼ 1 and

so on. It follows that we can find elements x1; x2; . . . ; xn
1 2 H such that

c ¼ ½. . . ½½h1; h
x1
2 �; hx23 �; . . . ; hxn
1

n � 6¼ 1:

Therefore if f is a homomorphism ofH into G such that fðcÞ 6¼ 1. Then fmaps each

of the elements h1; . . . ; hn nontrivially into G, as desired.

5. Separation and Extension of Centralizers of Hyperbolic Groups

5.1. DIRECT EXTENSIONS OF CENTRALIZERS AND CONDITION (S)

Let G be a group. In this subsection and the two subsequent ones, we will be con-

cerned with various G-groups H obtained from G by means of extending centralizers.

Our primary objective is to prove that many of these groups are often G-discrimina-

ted by G or some related supergroups of G.

Let G be a group. The centralizer of an element u 2 G is denoted by CGðuÞ or CðuÞ

or C, if the group G and the element u can be determined from the context.

We recall the definition introduced in the introduction in Section 1.2.

DEFINITION 4. Let G be a group, CðuÞ the centralizer of an element u 2 G.

Suppose that CðuÞ is Abelian and that f : CðuÞ 
!A is a monomorphism of CðuÞ into

an Abelian group A. Then the group

Gðu;AÞ ¼ hG � AjCðuÞ ¼ CðuÞfi

is called an extension of the centralizer CðuÞ by the group A with respect to f.

We will, for the most part, regard such groups Gðu;AÞ as G-groups, with G here

embedded in Gðu;AÞ by inclusion.

Some special instances of these Gðu;AÞ are of special interest. They depend on the

nature of the embedding f of CðuÞ in A. We say that the extension is:

(1) direct if A ¼ CðuÞf � B;

(2) free ðof rank nÞ if A ¼ CðuÞf � B and B is a free Abelian group (of rank n).

Free extensions of centralizers of rank 1 play an important role in this theory. Sup-

pose then that G ¼ hXjRi is a presentation of G. It is easy to see that a free rank 1
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extension, which we denote by Gðu; tÞ, of the centralizer CðuÞ of the element u in the

group G has the following presentation:

Gðu; tÞ ¼ hG; tj½y; t� ¼ 1ðy 2 CðuÞÞi:

So here A ¼ CðuÞ � hti. We will also sometimes use the following abbreviated

description for Gðu; tÞ:

Gðu; tÞ ¼ hG; tj½CðuÞ; t� ¼ 1i:

Of course, Gðu; tÞ is an HNN-extension of G, with a single stable letter t, with asso-

ciated subgroups CðuÞ and CðuÞ and associating isomorphism the identity.

Let C be a subgroup of the Abelian group A and let Gðu;AÞ be an extension of the

centralizer CðuÞ ¼ C of the group G by the group A. We say that an element

g 2 Gðu;AÞ is in reduced form if

g ¼ g1a1 . . . gnangnþ1;

where ai 2 A
 C; i ¼ 1; . . . ; n and gj 2 G
 C; j ¼ 2; . . . ; n (see [16, 23]).

In the case of a direct extension of the centralizer C by a group B, i.e., when

A ¼ C� B, it is more convenient to use semi-canonical forms. Here a reduced form

g ¼ g1b1 � � � bngnþ1

is termed semi-canonical if 1 6¼ bi 2 B for all i. It is not difficult to see that one semi-

canonical form of g can be transformed into another by a finite sequence of commut-

ing relations which take the form bc ¼ cb, where c 2 C; b 2 B.

In our treatment of extension of centralizers we will make use of some special

G-homomorphisms of the kind described in the following lemma.

LEMMA 9. Let Gðu;AÞ be an extension of the centralizer C ¼ CðuÞ by an Abelian

group A. Let c : A
!C be a retraction of A onto its subgroup C. Then the homo-

morphism lc : Gðu;AÞ 
!G, which is defined as the simultaneous extension to Gðu;AÞ

of the identity homomorphism on G and the homomorphism c on A, is a G-homo-

morphism of the G-group Gðu;AÞ to the G-group G.

The verification that lc has the stated properties is an immediate consequence of

its definition.

The following lemma shows the importance of direct extensions of centralizers.

LEMMA 10. Let C be a subgroup of the torsion-free abelian group A. Then the

following statements are equivalent:

ð1Þ A is C-discriminated by C;

ð2Þ A ¼ C� B and B is discriminated by C.

Proof. Suppose that (2) holds. Since B is discriminated by C, there is an asso-

ciated family of discriminating homomorphisms C from B to C. If we now denote

by idC the identity automorphism of C, then fidC þmcjm 2 Z;c 2 Cg is a

C-discriminating family of C-homomorphisms from C� B to C (see the proof of

Lemma 7). This proves that (2) implies (1).
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To prove that (1) implies (2) observe first that any C-homomorphism from A to C

is a retract of A onto C. Since A is Abelian, it follows that C is a direct summand of

A and therefore we can express C in the form C ¼ A� B. Now A is C-discriminated

by C. The associated family of C-homomorphisms of A onto C, restricted to B

immediately show that B is discriminated by C, as required. This completes the proof

of the lemma.

Our objective now is to obtain some conditions which ensure that certain exten-

sions of centralizers Gðu;AÞ are G-discriminated by G. We will focus our attention

first on the case where the extension is direct. With this in mind, let u1; . . . ; un be ele-

ments of infinite order in a group G and let w1; . . . ;wnþ1 be arbitrary elements in G

satisfying the following condition, which we term the (CS) condition:

½u
wiþ1

i ; uiþ1� 6¼ 1; i ¼ 1; . . . ; n
 1:

We associate with such U ¼ ðu1; . . . ; unÞ and W ¼ ðw1; . . . ;wn;wnþ1Þ the sets

SðW;U;mÞ ¼ fw1u1
m1w2u2

m2 . . . un
mnwnþ1jjmij5mg:

The following definition plays an important role in the rest of our development.

DEFINITION 5. We say that a group G satisfies the condition (S) if for every

choice of elements u1; . . . ; un and w1; . . . ;wnþ1 in G satisfying the condition (CS)

there exists a constant m such that the set SðW;U;mÞ does not contain the identity

element.

This approach goes back to [5], where it was proved that if G is a free group and if

u1 ¼ u2 ¼ � � � ¼ un ¼ u; u 6¼ 1, then G satisfies the condition (S).

Notice that if G is a non-Abelian CSA-group and if u1 ¼ � � � ¼ un ¼ u, the (CS)

condition is equivalent to ½u;wi� 6¼ 1 for i ¼ 2; . . . ; n. We observe also, for later

use, that every torsion-free hyperbolic group satisfies the condition (S) [9, 24].

Now we return to the group Gðu;AÞ, where A ¼ C� B. We observe that condition

(S) in G allows us to approximate elements in B by large powers of elements in C,

which in turn allows us to prove, under the right circumstances, that Gðu;AÞ satisfies

a number of discrimination properties. In order to explain, we switch to additive

notation, which makes sense because all of the groups involved are, for now, abelian.

Thus, if B and C are abelian groups, then the set HomðB;CÞ can be turned into an

Abelian group under coordinatewise addition. So if F is a discriminating family of

homomorphisms of B into C it makes sense to consider the subgroup gpðF Þ of

HomðB;CÞ generated by F . We shall adopt this point of view and this notation

throughout.

5.2. DISCRIMINATING DIRECT EXTENSIONS OF CENTRALIZERS

We are now in a position to formulate the main result about the discrimination of

direct extensions of centralizers. As already stated, we will make use of the notation

introduced above as well as that used in Lemma 9.
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THEOREM 1. Let G be a CSA-group satisfying the condition ðSÞ, Gðu;AÞ a direct

extension of the centralizer CðuÞ ¼ C of an element u 2 G of infinite order by an

Abelian group A ¼ C� B. If B is discriminated by C then Gðu;AÞ is G-discriminated

by G. Moreover, Gðu;AÞ is again a CSA-group which satisfies the condition ðS Þ.

Furthermore, if F is a C-discriminating family of homomorphisms of B into C, then

flfjf 2 gpðF Þg is a G-discriminating family of homomorphisms of Gðu;AÞ into G.

The proof of the theorem rests on the following two lemmas.

LEMMA 11. Let G be a group satisfying the condition ðSÞ. Then any group H which is

discriminated by G also satisfies ðSÞ.

Proof. Let tuples W0 ¼ ðw0
1; . . . ;w

0
n;w

0
nþ1Þ and U0 ¼ ðu01; . . . ; u

0
nÞ of elements in H

satisfy the condition (CS). We will prove that there exists an integer m such that all

elements in the set SðW;U;mÞ are nontrivial. By the (CS) condition, w0
iþ1


1u0iw
0
iþ1

does not belong to the centralizer Cðu0iþ1Þ of u0iþ1 and, hence, the commutator

zi ¼ ½w0
iþ1


1u0iw
0
iþ1; u

0
iþ1� is nontrivial for each i ¼ 1; . . . ; n
 1. By hypothesis, H is

G-discriminated by G. Hence, there exists a G-homomorphism c : H
!G which

maps all of the commutators zi ði ¼ 1; . . . ; n
 1Þ onto nontrivial elements of G. This

implies that the images cðW0Þ;cðU0Þ of W0 and U0, satisfy the condition (CS) in the

group G. Observe that c maps SðW0;U0;mÞ onto SðcðW0Þ;cðU0Þ;mÞ. Now G satisfies

condition (S). Therefore there exists an integer m such that SðcðW0Þ;cðU0Þ;mÞ does

not contain the identity. Consequently, it’s pre-image SðW0;U0;mÞ does not contain

the identity. Thus the condition (S) holds in the group H.

The following lemma is the key step in the proof of Theorem 1.

LEMMA 12. Let G be a group satisfying the conditions of Theorem 1. Then

flfjf 2 gpðF Þg G-discriminates the extension of the centralizer Gðu,A Þ by G.

Proof. Let g be a nontrivial element in Gðu;AÞ. One can write it in semi-canonical

form

g ¼ w1b1w2 . . . bnwnþ1;

where 1 6¼ bi 2 B, and wi 2 G for all i and wi 62 CGðuÞ for i ¼ 2; . . . ; n.

Let c 2 F separate the elements b1; . . . ; bn in C. Put ui ¼ cðbiÞ for i ¼ 1; . . . ; n.

Let, as before, but using multiplicative notation now, lmc be the homomorphism

of Gðu;AÞ into G defined as the identity on G and the composition of c and the

mth power map on B. Thus lmcðbiÞ ¼ umi 2 C:

Since the centralizer of a nontrivial element in a non-Abelian CSA-group is mal-

normal, the sets W ¼ ðw1; . . . ;wn þ 1Þ and U ¼ ðu1; . . . ; unÞ satisfy the separation

condition ðCSÞ. So, by the (S)-condition, the set SðW; lmcðb1; . . . ; bnÞ does not con-

tain any trivial elements for some large enough m. Therefore lmc maps g nontrivially

into G. Thus, we can separate any given nontrivial element g 2 Gðu;AÞ by lmc if m is

large enough, say m5mðgÞ. Consequently, if we have a finite number of elements

g1; . . . ; gk 2 Gðu;AÞ, then lmc will separate them all if m5maxfmðg1Þ; . . . ;mðgkÞg.

This means that Gðu;AÞ is G-discriminated by G.
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It follows now that in order to complete the proof of Theorem 1, we need only

note that Gðu;AÞ is a CSA-group, which was proved in [22].

5.3. GENERAL EXTENSIONS OF CENTRALIZERS

Extensions of centralizers are not always direct. We need some terminology to deal

with arbitrary extensions.

Recall that if C is a subgroup of an Abelian group A then we denote by
ffiffiffiffi
C

p
the

isolator of C in A, i.e., the preimage in A of the torsion subgroup of A=C. If
ffiffiffiffi
C

p
¼ C,

then C is isolated in A.

We will adopt this notation throughout, as well as the notation that we introduced

earlier. In keeping with the definitions recorded in the introduction, we make also the

following

DEFINITION 6. Gðu;AÞ is said to be of type L if C ¼ CðuÞ is an isolated subgroup

of A; Gðu;AÞ is said to be of type B if
ffiffiffiffi
C

p
¼ A.

Notice that Gðu;
ffiffiffiffi
C

p
Þ is an extension of the centralizer C of type B and, assuming

that CGðu;
ffiffiffi
C

p
Þ
ðuÞ ¼

ffiffiffiffi
C

p
in Gðu;

ffiffiffiffi
C

p
Þ, Gðu;AÞ ¼ Gðu;

ffiffiffiffi
C

p
Þðu;AÞ can be viewed as an

extension of the centralizer CGðu;
ffiffiffi
C

p
Þ
ðuÞ of type L. Under these circumstances, we

introduce the following definition.

DEFINITION 7. The sequence of extensions

G4Gðu;
ffiffiffiffi
C

p
Þ4Gðu;AÞ

is called the canonical B-L decomposition.

The next lemma details a number of simple situations where
ffiffiffiffi
C

p
is a direct factor

of A.

LEMMA 13. Let C be a subgroup of the torsion-free Abelian group A. Then the

following hold:

ð1Þ If A=C is a free abelian group then A ¼ C� B and C ¼
ffiffiffiffi
C

p
;

ð2Þ If A is finitely generated, then A ¼
ffiffiffiffi
C

p
� B and B is free of finite rank;

ð3Þ If C is divisible, then A ¼ C� B and C ¼
ffiffiffiffi
C

p
;

ð4Þ If
ffiffiffiffi
C

p
is finitely generated and A is free, then A ¼

ffiffiffiffi
C

p
� B.

The proof of Lemma 13 is straightforward and is left to the reader.

We have then the following corollary of Theorem 1 and Lemma 13 concerning

extensions of centralizers of type L.

COROLLARY 10. Let G be a CSA-group satisfying condition ðSÞ, let A be a torsion-

free Abelian group and let Gðu;AÞ be an extension of type L of the centralizer CGðuÞ of

an element u 2 G of infinite order in G. Then the following hold:
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ð1Þ ðGlobal approximationÞ. If A is free Abelian and CðuÞ is finitely generated, then

Gðu;AÞ is G-discriminated by G;

ð2Þ ðLocal approximationÞ. Every finitely G-generated G-subgroup of Gðu,AÞ is G-

discriminated by G.

Proof. In order to prove (1), notice that, by Lemma 13, the given extension is free.

The conclusion follows immediately from Theorem 1.

In order to prove (2), observe that any finitely G-generated G-subgroup H of

Gðu;AÞ is contained in a subgroup Gðu;BÞ, where B is a finitely generated subgroup

of A. In this case B is a free Abelian group and, by 1) above, Gðu;BÞ is G-discrimi-

nated by G. Hence, so too is its G-subgroup H.

Under certain circumstances, the condition (S) persists under extensions of centra-

lizers, as the following theorem shows.

THEOREM 2. Let G be a torsion-free hyperbolic group and let A be a torsion-free

Abelian group. Then Gðu, AÞ satisfies the condition ðSÞ.

Proof. Notice that in a torsion-free hyperbolic group, centralizers of non-trivial

elements are infinite cyclic. Therefore C ¼ CðuÞ is generated by v, say, and Gðu;AÞ is

the amalgamated product of G and A with the element v identified with an element

a 2 A. Now the condition (S) is a local condition, i.e., it is satisfied if and only if it is

satisfied in every finitely generated subgroup. It suffices therefore to prove that

Gðu;BÞ satisfies the condition (S), where B is a finitely generated subgroup of A

containing C, i.e., the element a. Let D ¼
ffiffiffiffi
C

p
be the isolator of C in A. Then D is

again cyclic, generated say by b and a ¼ bn for some integer n 6¼ 0. Thus Gðu;
ffiffiffiffi
C

p
Þ is

simply the amalgamated product of the hyperbolic group G and the infinite cyclic

group generated by bwith v identified with bn. Consequently, by a theorem of [10, 15],

Gðu;
ffiffiffiffi
C

p
Þ is hyperbolic and so, as we mentioned in Section 5.1, satisfies (S). The

canonical B-L-decomposition allows us to view Gðu;BÞ as Gðu;
ffiffiffiffi
C

p
Þðu;BÞ which is of

type L, indeed a free extension of centralizers. Consequently, by Corollary 10, (1), the

Gðu;
ffiffiffiffi
C

p
Þ-group Gðu;BÞ is Gðu;

ffiffiffiffi
C

p
Þ-discriminated by Gðu;

ffiffiffiffi
C

p
Þ. Since, as noted,

Gðu;
ffiffiffiffi
C

p
Þ satisfies (S), so too does Gðu;BÞ, by Lemma 11. This completes the proof.

We now put Theorem 1, Theorem 2 and Lemma 7 together in order to prove the

following

THEOREM 3 ðGlobal approximations for arbitrary extensionsÞ. Let G be a tor-

sion-free hyperbolic group, let A be a torsion-free Abelian group and let B ¼ A�Z Q.

Then for every nontrivial element u of G the extension of centralizer Gðu;AÞ is

G-discriminated by the G-group Gðu;QÞ.

Proof. We note that since A is torsion-free Abelian, the mapping a 7! a� 1

ða 2 AÞ is an embedding of A in B. The embedding of the cyclic centralizer CGðuÞ in A

can be extended to an embedding of the additive group Q of the rationals into B

which in turn gives rise to an embedding of Gðu;QÞ into Gðu;BÞ. It suffices then to

prove that the G-group Gðu;BÞ is Gðu;QÞ-discriminated by Gðu;QÞ.
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Now Q is a divisible subgroup of the Abelian group B. Hence, it is a direct factor

of B. Moreover, the divisible torsion-free Abelian group B is isomorphic to a direct

sum of copies of Q; hence B is separated by Q and by Lemma 7 B is discriminated by

Q. It follows then from Theorems 2 and 1 that Gðu;BÞ is Gðu;QÞ-discriminated by

Gðu;QÞ, as required.

It follows from the proof of Theorem 3 that the following corollary also holds.

COROLLARY 11 ðGlobal approximations for divisible extensionsÞ. Let G be a

torsion-free hyperbolic group and let A be a torsion-free, divisible Abelian group. Then

Gðu;QÞ can be viewed as a subgroup of Gðu;AÞ and Gðu;AÞ is Gðu;QÞ-discriminated by

Gðu;QÞ.

Finally we observe the further corollary.

COROLLARY 12 ðLocal approximationsÞ. Let G be a torsion-free hyperbolic group

and let Gðu;AÞ be an arbitrary A-extension of a centralizer CðuÞ by a torsion-free

Abelian group A. Then every finitely generated Gðu;
ffiffiffiffi
C

p
Þ-subgroup of Gðu;AÞ is

Gðu;
ffiffiffiffi
C

p
Þ-discriminated by Gðu;

ffiffiffiffi
C

p
Þ.

Proof. A finitely generated Gðu;
ffiffiffiffi
C

p
Þ-subgroup H of Gðu;AÞ is contained in some

subgroup Gðu;A0Þ, where A0 is a finitely generated subgroup of A containing
ffiffiffiffi
C

p
.

Now Gðu;
ffiffiffiffi
C

p
Þ is simply the result of adjoining to G an nth root of the generator of

the infinite cyclic group C and so it is hyperbolic [10, 15]. It follows that Gðu;A0Þ is

an extension of type L of the hyperbolic group Gðu;
ffiffiffiffi
C

p
Þ. Hence by the local

approximation theorem for type L extensions, we find that Gðu;A0Þ is Gðu;
ffiffiffiffi
C

p
Þ-

discriminated by Gðu;
ffiffiffiffi
C

p
Þ.

6. Discriminating Exponential Groups

The objective of this section is to prove our main result, which takes the following

form:

THEOREM 4. Let G be a torsion-free hyperbolic group and let A4B be unitary

rings of characteristic zero. Suppose that gpð1Þ is a direct summand of Aþ and that the

additive group Bþ is Aþ-discriminated by its subgroup Aþ. Then GB is GA-

discriminated by GA.

We begin the preparations for the proof of Theorem 4 with the following

PROPOSITION 4. Let G be a torsion-free hyperbolic group and let A be an unitary

ring of characteristic zero. Then GA is a CSA group which satisfies the separation

condition ðSÞ.

Proof. It was proved in [22] that any completion of a torsion-free CSA group by a

ring of characteristic zero is CSA. Hence GA is a CSA group. Since GA is a union of a

sequence of extension of centralizers, GA satisfies the separation condition (S), by

Theorem 2, as required.
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The proof of Theorem 4 depends not only on Proposition 4, but on two additional

lemmas. We need to introduce some additional notation. To this end, suppose that B

is a unitary ring and that x is an element not in any of the subgroups or rings under

consideration. Then we define

xB ¼ fxbjb 2 Bg;

which we turn into a B-group by defining

x1 ¼ x; xbxb
0

¼ xbþb0 ; ðxbÞb
0

¼ xbb
0

; b; b0 2 B:

xB is simply a multiplicative copy of Bþ and so is a unitary abelian group with x its

distinguished element. If A is a unitary subring of the unitary ring B, then we can

think of xA is a unitary subgroup of the unitary Abelian group xB. Notice that

the B-subgroup of the B-group xB generated by x is xB. More generally, if H is a

B-group, then the B-subgroup G of H generated by an element h 2 H consists of

all elements of the form hb, where b ranges over B; we denote this subgroup by hB.

We are now in a position to prove the following lemma (see the proof of

Lemma 11).

LEMMA 14. Let A be a unitary ring of characteristic 0 and let H be a torsion-free

CSA A-group satisfying the condition ðSÞ. Suppose that H is a subgroup of a group J

and that J is H-discriminated by H. Furthermore, suppose that A is the direct sum of

Z ¼ gpð1Þ and A1; and the centralizer of a 2 J is generated by a. Then for any x the

generalized free product

I ¼ hJ � xA; a ¼ xi

is H-discriminated by H.

A few words of explanation might be helpful here. The main point is that I is

obtained from J by extending the centralizer of a by xA. Notice that xA is the direct

product of an infinite cyclic group and xA1 :xA ¼ xZ � xA1 :

Notice also that the infinite cyclic subgroup gpðaÞ is identified with the subgroup

xZ by identifying a with x.

Proof. Let F be a discriminating family of H-homomorphisms from J onto H.

For each positive integer n and each homomorphism f 2 F , let fn be the

H-homomorphism from I to H defined as follows:

fnðjÞ ¼ fðjÞ; fnðx
mþa1 Þ ¼ fðaÞmþna1 ð j 2 J; m 2 Z; a1 2 A1Þ:

Notice that fnðaÞ ¼ fðaÞ and fnðxÞ ¼ fðaÞ and therefore the definition of fn makes

sense. Notice also that if a1 2 A1 and a ¼ m1þ a1 2 A then

fnðx
aÞ ¼ fðamÞðfðaÞa1Þn:

Observe, in particular, that if b 2 xA1 , then fnðbÞ is an nth power of a power of fðaÞ.
We claim that the family

F n ¼ ffnjf 2 F ; n ¼ 1; 2; . . .g
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is a discriminating family of H-homomorphisms of I onto H. With this in mind, let

c 2 I; c 6¼ 1. If c 2 J [ xA, there exists an element in F n which maps c into a non-

trivial element of H. In all other cases, c can be written in the form

c ¼ a1b1a2 . . . akbkakþ1;

where

ai 2 J; bi 2 xA1 ; ½ai; a� 6¼ 1 ð24 i4 kÞ; bi 6¼ 1:

Since F is an H-discriminating family of H-homomorphisms of J onto H, we can

find an element f 2 F such that

½fðaÞ;fðaiÞ� 6¼ 1 ð24 i4 kÞ:

Expressing each bi in the form bi ¼ xai , where ai is a nonzero element of A1, it follows

from the transitivity of commutation in H, that

½fðaÞai ;fðaiÞ� 6¼ 1 ð24 i4 kÞ:

Since H is a CSA-group, it follows (see the proof of Lemma 11) that

½fðaiþ1Þ

1fðaÞaifðaiþ1Þ;fðaÞ

aiþ1 � 6¼ 1 ð14 i4 k
 1Þ:

Hence the tuples fða1Þ; . . . ;fðakþ1Þ and fðaÞa1 ; . . . ;fðaÞak satisfy the condition (CS).

Since H satisfies the separation condition (S),

fnðcÞ ¼ fða1ÞðfðaÞ
a1Þ

nfða2Þ . . .fðakÞðfðaÞ
akÞ

nfðakþ1Þ 6¼ 1

for all sufficiently large values of n. It follows then, in the same way, that for any

finite set of nontrivial elements of I, there exists an element c 2 F and an integer

n such that cn separates these elements in H, as required.

It is worth emphasizing here that every f 2 F extends to anH-homomorphism fþ

of I onto H; we say that fþ continues f.
Finally we prove one more lemma before embarking on the proof of Theorem 4.

LEMMA 15. Let d be a limit ordinal and let

G ¼ G0 4G1 4 � � � 4Ga 4Gaþ1 4 � � � 4Gd

be a chain of groups such that for every limit ordinal a4d,

[
b<a

Gb ¼ Ga:

Suppose that for every ordinal a < d, every G-homomorphism from Ga onto G can be

continued to a G-homomorphism from Gaþ1 onto G. Then the following hold:

ð1Þ for every a < d, every G-homomorphism f : Ga 
!G can be continued to a

G-homomorphism from Gd onto G;

ð2Þ if Ga is G-separated by G for every a < d then Gd is G-separated by G;

ð3Þ if Ga is G-discriminated by G for every a < d then Gd is G-discriminated by G.
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Proof. (1) Let f : Ga ! G be a G-homomorphism from Ga onto G. Put fa ¼ f.
Suppose now that a < b < d and that we have defined for every choice of a < g < b,
a family of G-homomorphisms fg : Gg ! G such that if a < g0 < g < b, then fg

agrees with fg0 on Gg0 . If b is a limit ordinal, then de define fb to be the ‘union’ of the

fg for g < b, i.e., if u 2 Gb, then u 2 Gg for some g < b. Define fbðuÞ ¼ fgðuÞ, which

makes sense because of our assumptions. If b is not a limit ordinal, it can be written

in the form b ¼ b0 þ 1. Define fb to be any extension of fb0 to Gb. We then define fd

to be the union of the fb with b < d. This completes the proof.

The proofs of (2) and (3) follow immediately from the proof of (1).

We are now in a position to prove Theorem 4. We can assume that G 6¼ 1. Put

H ¼ GA. By Proposition 4, GA ¼ H is a CSA-group satisfying the condition (S). It

follows from [21] that GB can be obtained as the union of a chain of groups

H ¼ H0 < H1 < � � � < Ha < � � � < Hd ¼ GB

satisfying the following conditions:

(1) d is a limit ordinal;

(2) if a4d is a limit ordinal, then Ha ¼
S

a0<a Ga0;

(3) if a ¼ a0 þ 1, then Ha is obtained from Ha0 by an extension of a centralizer C of

an element h 2 Ha0 and C takes on one of the following two forms:

(i) C ¼ hA;

(ii) C ¼ hZ.

Now suppose that for each a0 < a we have proved

(a) Ha0 is H-discriminated by H

(b) if a00 < a0 < a, then every H-homomorphism from Ha00 onto H can be extended

to an H-homomorphism from Ha0 onto H.

If a is a limit ordinal, it follows from Lemma 15 that Ha is H-discriminated by H.

If a ¼ a0 þ 1, then there are the two cases 3(i) and 3(ii) to consider. In case 3(i), Ha

is Ha0-discriminated by Ha0 and since Ha0 is H-discriminated by H, Ha is H-discrimi-

nated by H. Moreover, it follows from the proof of Theorem 1 (or directly) that

every H-homomorphism from Ha0 to H can be continued to an H-homomorphism

from Ha to H.

In case 3(ii) it follows from Lemma 14, that Ha is H-discriminated by H and again

every H-homomorphism from Ha0 to H can be continued to an H-homomorphism

from Ha to H. This completes the proof of Theorem 4 on applying Lemma 15.

The theorems discussed in the introduction are all consequences of Theorem 4.

THEOREM C1. Let G be a torsion-free hyperbolic group and let Z½x� be the ring of

integral polynomials in a single variable x. Then GZ½x� is G-discriminated by G.

Proof. Put A ¼ Z and B ¼ Z½x�. Then B is discriminated by A and gpð1Þ ¼ A (in

particular, gpð1Þ is a direct summand of A). Now the result follows from Theorem 4.
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THEOREM C2. Let G be a torsion-free hyperbolic group and let A be a unitary ring

with free Abelian additive group Aþ. Then any A-completion GA of type L of the group

G ðas Z-groupÞ is G-discriminated by G.

Proof. Notice, that since Aþ is a free Abelian group and Aþ=gpð1Þ is torsion-free,

gpð1Þ is a direct summand of Aþ. Hence, the rings Z4A satisfy the conditions of

Theorem 4. Consequently, GA is G-discriminated by G.

One more application of Theorem 4 comes from completions of hyperbolic groups

by unitary Abelian groups. Suppose A4B are torsion-free, unitary Abelian groups,

that gpð1Þ is a direct summand of Aþ that B is A-discriminated by A. Now

GA ¼ GfrðAÞ and GB ¼ GfrðBÞ. It follows from the conditions laid down in Section 2

that frðBÞþ is frðAÞþ-discriminated by frðAÞþ. Hence, Theorem 4 applies and so we

have proved the following theorem.

THEOREM C3. Let G be a torsion-free hyperbolic group and let A be a torsion-free

unitary Abelian group. If A is free Abelian and if gpð1Þ is isolated in A, then GA is

G-discriminated by G.
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