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Abstract

The wreath produdtV = A: T, whereA ## 1, is of typeF P, if and only if T is finite andA is of type
FPy.
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1. Introduction

In 1980, Bieri and Strebel proved that every finitely generated metabelian group of
type F P, is finitely presented [5]. This shows that, in this restricted setting, the most
natural cohomological and geometric finiteness conditions are equivalentin dimension
two. The question as to whether these conditions are equivalent in general remained
unanswered until recently, when Bestvina and Brady constructed a clagargéc
examples by using Morse theory for cubical complexes [3]. They also obtained a
number of positive results, couched in geometric terms.

The purpose of the present note is to point out that one cannot build counter-
examples by means of familiar algebraic constructions such as wreath products, HNN
extensions, free products with amalgamation and the like. For graphs of groups this
follows from a standard argument using an appropriate Mayer-Vietoris sequence (see
[4])—this fact was pointed outto us by Peter Kropholler. In particular, an amalgamated
product of two finitely presentable groups is of tyB®, if and only if it is finitely
presentable (see [1]). Here we will prove the following theorem.
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THEOREM 1. The wreath productV = A: T, whereA # 1, is of typeF P, if and
only if T is finite andA is of typeF P,.

The argument that we will give here is modelled in part on the proof of an analogous
result [2] whereF P; is replaced by finitely presentable.

2. Preliminaries

2.1. Some notation and definitions We use the notatiornx| y] = x~y~xy and
a' = t~!at throughout this note; and we writ&[ G] for the commutator subgroup
of a groupG.

LetU be a fixed group. Then a grodpis termed &J -groupif V comes equipped
with a homomaorphism ol into the automorphism group &f. The class olU-
groups constitutes a category in the usual ways i a subset oV, then we denote
the intersection of all -subgroups o¥ containingSby gp, (S). If W is aU -subgroup
of V, then we denote the minimal cardinality of those segsich that gp(S) = W by
dy (W), provided it is finite; otherwise we defig (W) = oco. If U = 1, we simply
denoted, (W) by d(W)—in this cased(W) is the minimal number of generators of
the subgroupV of V. Observe that if th&) -groupV is a quotient of théJ -groupV,
then

du (V) < dy(V).
Recall that a groufs is of type F R, if there is a projective resolution
i—>P,— P —P—>P—7Z

of the trivial leftG-moduleZ with R,, . . ., Pyfinitely generated projectiv@-modules.
It turns out that a grougs is of type FP; if and only if it is finitely generated.
Consequently if a grou@ is of type F P,, thenG must be finitely generated. In this
case we can represdatas a factor group of a finitely generated free gréup

G=F/K.

SinceK is a normil subgroup df, we can view it as ar-group, whereF acts by
conjugation. ThelK = K/[K, K] is a quotientF-group of theF-groupK. It then
turns out thats is of type F P, if and only if

d-(K) < o0

for all choices of the finitely generated free grda@and the various normal subgroups
K that are involved. (See Proposition 2.2 on page 20 of [4].)

We shall need to make use of these characterisatioffidpfand F P, when we
come to the proof of the theorem.
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2.2. Sketch of the proof of the theorem Suppose that
W = AZ T7

whereA # 1 andT is infinite. The interesting part of the theorem is the proof that,
under these circumstanc&¥,cannot be of typé- P..

The first step is to show thatW is of typeF P, then bothA andT must be finitely
generated. Next, if

A= (X;R), T=(Y;9

are presentations dk and T with X andY finite, we choosd- to be the free group
on X UY. Furthermore, let

Q={[x,2"]|x,ze X, w any Y-word different from 1 inT }.
Finally, let
K=0gp-(QURUYS)

where herd- acts onF by conjugation — s is the normal closure if of QURUS.
It follows then that

W = F/K.

Our objective is to prove thak (K) is not finite. In factwe will prove thals (K /J) =
oo, where

J=gp-(K,K]URUS).

Since K /J is a quotient ofK, this suffices to prove thatV is not of type FP,.
The reason that this approach is manageable stems from the fa&has what
Smelkin [9] terms a metabelian wreath product (see Section 4).

3. Metabelian products

3.1. The definition

DerFINITION 1. Let (A, | » € A) be a family of groups and IeB be a group. A
family of homomorphisms

(W, i A — B|reA)
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is termed anetabeliarfamily if

1= [[‘/f)q (@), Y, @)]I", [V, (@), ¥, (am)]]

for all )\.1,)\.2,)\.3, )\.4 € A with )\.1 # )\.2 and)\.3 # )\.4, all aAi € A}q and allw €
gp{y (A | & € Al

DEerINITION 2. The groupB is termed thenetabelian producof the family (A, |
A € A) if there exists a metabelian familyy, : A, — B | A € A) of ho-
momorphisms intoB such that for every grouf®’ and every metabelian family
(¢ : AL — B’ | A € A), there exists a unique homomorphigm B — B’ such
that

Wy, =, foreverya € A.

The notion of a metabelian product as well as the more general notion of a verbal
product was first introduced by Golovin [6].

It is easy to see, from general principles, tBais uniquely defined by the above
universal property. Itis also easy to see that @adls monomorphism and, identifying
A, with its image inB, thatA;, N A, =1, A # u. Moreover,B is generated by the
subgroupq A, | A € A}. We express the fact th& is the metabelian product of the
family (A, | A € A) by writing

1 B=HAA.

We shall need here also the free product and the restricted direct product of such a
family (A, | A € A) of groups, which we denote, respectively, by

(00) (1)
l_[ A, and l_[ A,.
rEA rEA

If L is the kernel of the canonical homomorphism[¢f°, A, onto .2, A,, then it
is not hard to see that

(2) (00)
2 [TA = J]Au/IL LI
reA reA

3.2. An important lemma The following simple lemma is important in the proof
of our theorem.
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LEMMA 1. Let

be the metabelian product of the family of groygs | A € A). Then the following
hold.

(1) If A’is asubsetof\, then

(2)
gp(A [ L e A) =[] A

reAN

(2) The homomorphism

@ @
from l_[ A, to l_[ A,
rEA reN

which mapsA, identically toA, if A € A’ and otherwise to the identity, is a retraction.
(3) If A, e A, 1 # u, then for all non-trivial elementa € A;,b e A,

[a, b] # 1.

PrOOE The assertion (1) follows immediately from the universal natuﬁ@fA A,
and (2) is a consequence of this remark. Finally, in the light of either (1) or (2), it
suffices to consider the case whdre= {1, 2}. In this case, ifP is the free product of
A; and A, then [A;, A,] is the free group, freely generated by the set

{[a,b] |lae A;,be Ay,a#1,b+# 1}

(This is essentially due to Levi [8] — see [7].) So, in view of (2, p] # 1 in B.
This completes the proof of the lemma.

4. Wreath-like products

Suppose tha6 is a group and tha® andT are subgroups o6. We termG a
productof A andT if

G =gp(AUT).

We shall have need of three such products, which depend for their definition on the
nature of the normal closu® = gpg (A) of Ain G. With this in mind, we denote the
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conjugatet~1At of A by the element € T by A, and the conjugatetat ofa € A
byt € T bya,. ThenB is generated by thé, (t € T). If

(0)

B=]]A

teT

then it is not hard to see th& is simply the free product of andT. In this event
we denotes by G, B by B,, and observe that we have a semidirect product

Gw = B T.

The remaining two products have similar descriptions. The first of these is the wreath
product of A by T. In this case
€)

B=]]A

teT
and is denoted b, G is denoted bys; and
Gl =B,. T =A:T.

Finally, if
(2)
B=]]A

teT

is the metabelian product of the subgroup®of G, then we denot® by B,, G by G,
and we observe that

G, =B,.T,
which we denote by
ApT.
Observe that in every one of the cases al®ve;s = a. It follows from Lemma 1,

thatifa,be A, a# 1 b#1landifs,t e T,s#t,thenp,b]#1inAnT.

5. The proof of the theorem

5.1. The easy part of the proof Suppose thatV = A: T, whereA #£ 1 andT is
finite. If Ais of type F P,, then, adopting the notation introduced above, so tdg) .is
SinceB; is of finite index inW, it follows thatW is also of typeF P.
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5.2. Finitely generated wreath products Suppose now thatV is of type FP,.
ThenW must be finitely generated. NowX andY are generating sets féxandT
respectively, theriX U'Y generate$V. So there are finite subseXs andY; of X and
Y respectively, such thaX; U Y; generate$V. It follows thatX; generate#\ andY;
generated, for example by considering the canonical homomorphims énamd T
via the direct produch x T.

5.3. The case whereA # 1 and T is infinite The main step in the proof of our
theorem is the following

LEMMA 2. Let A be a non-trivial, finitely generated group and [Etbe an infinite,

finitely generated group. TheW = A: T is not of typeF P..

Letus suppose th&Y is of typeF P,. Our objective, then, is to derive a contradiction
to this assumption.

We adopt the notation introduced in 2.2 and 3.1. Consider then the homomorphism
6 of F onto G, which mapsX onto the corresponding set of generator®\andY
onto the corresponding set of generator§ oNotice thatk maps ontd. and hence
[K, K] maps onto [, L]. It follows thatf induces a homomorphism &/[K, K]
onto G, = A T which mapsK onto the image, sai,, of L in G,. AsL,is a
quotient ofK, it is the normal closure i, of a finite set. Now

Lo=gps,ilas,a] [a,a e A, s teT, s#t}

It follows that there is a finite subs&tof T such that
L, =0gps,{las, ] la,a’ e A, s;teS s#t)
It follows therefore also that
L =0gpg{lasw & ] |a,a €A, steS ueT, s#t)

We now puty = {(su)(tu)t =stl|s te S ueT, s+#t}. Then notice thak
is finite and that

Lo =gpgilas, a] |a,@ € A, steTandst' ez}

SinceT is infinite andX is finite, there exists, € T such that, ¢ =, t;* ¢ X.
By the very definition ofZ, 1 ¢ 3. We now putA = {1, t,}. Observe that

AAIN T =0

We define the homomorphism

(2 (2)

8:BZ=1_[At—>l_[A5

teT SeA
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by definings to be the identity homomorphism gk and A, and the homomorphism
which takes all of the otheA, to the identity element. it~ € ¥, then eithes ¢ A
orelset ¢ A. It follows that

[, 8] la, @ €A steT, stlex)

is in the kernel o6 and consequently so toolis. Hences induces a homomorphism
of By/L, onto]‘[f{‘gA A;s. Now B,/L, is isomorphic toB,, the restricted direct product
ofthe A, t € T, soifa € Ais non-trivial, then §;, a,] = 1in B,/L, but, by Lemma

1(3), [a, a,] #1in ng"gA A;. This contradiction completes the proof of Lemma 2.

5.4. The last step in the proof We have proved that iA # 1 andW = A: T is
of type F P,, thenT is finite. Now a subgroup of finite index in a group of typé,
is again of typeF P, (see Proposition 2.5 on page 20 of [4]). Bgis of type FP,.
SinceB; is the direct product of finitely many copies 4f it follows that A is of type
FP,, as required. This completes the proof of the theorem.
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