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There is a simple group-theoretic formula for the second integral homology group of a
group. This is an abelian group and there is an analogous formula for another abelian
group, which involves a normal subgroup N of a torsion-free nilpotent group G. Proper-
ties of this abelian group translate into properties of G/N. This approach allows one to
give a simple purely group-theoretic proof of an old theorem of J. R. Stallings, namely
that if T' is a group, if H1(G,Z) is free abelian and if H2(G,Z) = 0, then any subset Y
of G which is independent modulo the derived group of G, freely generates a free group.
The ideas used admit to considerable generalization, yielding in particular, proofs of a
number of theorems of U. Stammbach.
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1. Stallings’ Theorem
Almost 40 years ago, Stallings [12] proved the following:

Theorem. Suppose that the abelianization of the group T is free and that Y is a
subset of T which freely generates modulo [I',T] a free abelian group. If Hy(T',Z) = 0,
where Ho(T',Z) denotes the second integral homology group of T, then gp(Y) is a
free group, freely generated by Y .

I noticed at the time that there was a simple group-theoretic proof of Stallings’
theorem, which amounted to little more than the observation that any subspace of
a vector space has a complement or slightly more generally, that an abelian group
which is an extension of an abelian group by a free abelian groups splits. Stallings’
proof was homological and was subsequently considerably and elegantly generalized
by Stammbach [13]. T have recently re-examined my original argument and this note
grew out of this examination. Both Stallings’ theorem and many of Stammbach’s
results are consequences of either of my two main results here, Theorem Al and

475



476 G. Baumslag

Theorem B1, which will be formulated below. Each of them can be deduced from
the other, with only a little work. Theorem A1l applies directly to everyday groups
whereas Theorem B1 applies to Q-groups, i.e., groups in which extraction of nth-
roots is uniquely possible for every choice of the positive integer n and where the
basic idea is more clearly understood. The connection between these two theorems
comes about because of a theorem of Malcev [11] which allows us to carry over prop-
erties of torsion-free nilpotent groups to those of nilpotent Q-groups and conversely.
This is essentially the content of Theorem C, which is formulated in Sec. 7.

2. The H-Condition

If X is a subset of G, then we denote the subgroup of G generated by X by gp(X).
The normal closure of the subset X of G is denoted by gpa(X). The commutator
x7 1y~ tay of the elements z and y of G is denoted by [z,y] and if J and K are
subgroups of G, then we define [J, K| = gp([z,y] | x € J,y € K). We refer to
Ga, = G/|G, G] as the abelianization of G.

There is a group-theoretic description of the second integral homology group
Hy(G,Z)of agroup I'. If I' = F//N, where F is any given free group, then Hy(I",Z) =
([F,FINN)/[F, N]. So H2(T',Z) = 0 translates into [F, F]N N = [F, N]. This leads
to the following:

Definition 1. The normal subgroup N of the group G satisfies the H-condition if
[G,G]N N =[G, N].

It turns out that if N is a normal subgroup of a group G satisfying the H-condition
and some additional ones, then ' = G/N can be likened to a complement C' of N
in G. It follows, again given the right assumptions, that the quotients of I by the
terms of its lower central series coincide with the corresponding quotients of this
subgroup C of G. In the event that G is free in some variety V of groups and if Iy
is free abelian, then I" has the same lower central factors as a free group in V. This
allows us, on appealing to variants of a theorem of Magnus [9], to prove not only
Stallings’ theorem, but various varietal analogs of his theorem as well.

3. The Proof of Theorem A1l and Some of Its Consequences
3.1. Theorem Al

Theorem A1l. Let G be a torsion-free nilpotent group, let N be a normal subgroup
of G and let T' = G/N. Suppose that N satisfies the H-condition, i.e.,
[G,G]NN =[G, N|

and that both Gap and Ty are free abelian. Then there exists a subset X =Y U Z
of G such that X freely generates G modulo |G, G], Z freely generates G modulo
[G,G]N and gpc(Y) = N.

In order to demonstrate the relevance of Theorem A1 at this stage, we remark that
if we assume the notation and hypothesis of Theorem A1l and if we assume that G
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is a nilpotent group which is free in some variety of groups, then G splits over N
and T is free in the given variety (see Corollary 4, below).

In order to prove Theorem Al we shall first need to prove that the H-
condition is sometimes preserved under homomorphic images. This is the con-
tent of the following simple lemma, which plays an important part in the proof of
Theorem Al.

Lemma 2. Let G be a group and let N be a normal subgroup of G satisfying the
‘H-condition. If M is any normal subgroup of G which is contained in the derived
group of G, then the subgroup NM /M of G/M satisfies the H-condition.

Proof. It suffices to note that

[G/M,G/M] N (NM/M) = ([G,G]/M) N (NM/M) = (|G, G] N NM)/M
= ([G,G] N N)M/M =[G, N|M/M = [G/M, NM/M],

as desired. |
We are now in a position to prove Theorem Al.

Proof. The canonical homomorphism from G, onto G/[G,G]N = T',, maps the
free abelian group G, onto the free abelian group G /|G, G]N. Hence the extension

1 — N[G,G]/|G,G] — Ga» — G/N|G,G] — 1
splits:
G/|G,G] = N|G,G]/|G,G] x E/|G,G],

where F is a subgroup of G containing [G, G]. Since G/[G, G] is free abelian, we can
find a subset Y of N and a subset Z of E such that {y[G, G] | y € Y} freely generates
the free abelian group N[G,G]/[G,G] and {z[G,G] | = € Z} freely generates the
free abelian group E/[G,G]. So X = Y U Z freely generates G modulo |G, G].
Consequently, since the Frattini subgroup of a nilpotent group contains the derived
group, it follows also that X generates G.

Now let K be the normal closure of Y in G. We claim that K = N. Clearly
K < N. Our objective is to prove the reverse inequality. The proof is by induc-
tion on the class ¢ of G. If ¢ = 1, this is obvious. Assume that ¢ > 1. By
Lemma 2, the subgroup Nv.(G)/7.(G) of G/7.(G) satisfies the H-condition. More-
over (G/v.(G)/(|G,G]/v.(G)) is free abelian and so too is the abelianization
G/|G,G]N of

(G/7(G))/Ne(G) [7e(G) = G/Ne(G).
So we find inductively that N < K~.(G). It follows that

[Nv G] < [K’YC(G)’G] = [K’ G]
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Let @ € N. Then a = bb', where b € K and V' € 7.(G). Hence V' € N N [G,G].
Since NN[G, G] = [N, G| and [N, G| < [K7.(G),G] = [K,G], b’ € K. Consequently
a € K, which implies that N < K. This completes the proof. O

In order to make use of Theorem A1l we will need the following;:

Lemma 3. Let G be a group which is free in a variety of nilpotent groups, freely
generated by the set X = {x; | £ € L}. Then any set X' of elements of G which
freely generates G modulo [G, G|, freely generates G.

Proof. Since X and X’ have the same cardinality, we can assume that X' = {2}, |
¢ € L}. Moreover as X’ generates G modulo [G, G|, X' generates G. Therefore the
endomorphism ¢ of G defined by

¢:axp—x; (LEL)

is onto. It remains to show that ¢ is one-to-one. Suppose then that w =
w(z1,...,xm) # 1 in G. We have to prove that w' = w(x},...,z,) # 1.
Now taking for granted the appropriate notation, we can find n > m so that
z, € G = gp(x1,...,xy,) for £ = 1,...,m. Notice that G’ is again a free group
in the same variety as G. Since X' freely generates G modulo [G, G], any subset of
X' generates a direct factor of G modulo [G,G]. So x,...,x,, generates a direct
factor of G’ modulo [G’,G'] and hence we can extend the set {z},...,2],} to a
set of elements {x},..., 20 y1,...,Yn—m} of G’ which freely generates G’ modulo
[G’,G']. This set then generates G’ and so the homomorphism v from G’ to G’
mapping each x; to a} for £ =1,...,m and Zp4i to yp for k=1,...,n —m is an
epimorphism. Now finitely generated nilpotent groups are hopfian and consequently
~ is actually an automorphism of G’. Since wy = w’, this implies that w’ # 1 as
desired. |

It is worth noting that we have proved that if G is a group that is free in some variety
of nilpotent groups and if ¢ is an epimorphism of G which induces an automorphism
of G/|G,G], then ¢ is an automorphism of G. This is not true for nilpotent groups
as a whole. The interested reader might wish to construct a necessarily infinitely
generated counter-example.

Corollary 4. Let G be a group, free in some variety V of nilpotent groups and let
N be a normal subgroup of G satisfying the H-condition. If the abelianizations of
both G and T' = G/N are free abelian, then ' is free in V.

Proof. After appealing to Lemma 3, it follows from Theorem Al that we can
find a free set X = Y UZ of generators of G such that N = gpg(Y'). Hence I is
isomorphic to the subgroup of G generated by Z. Consequently I is free in V. O

One of the consequences of Corollary 4 is Theorem A2, formulated below. Stallings’
theorem will be deduced from it.
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Theorem A2. LetV be a variety of groups and let G be a free group in V. Let N be
a normal subgroup of G satisfying the H-condition and let I' = G/N. Suppose that
G is residually nilpotent and that the abelianizations of G and I" are free abelian.
If the subset Z of G freely generates G modulo N|G,G], then the subgroup E of T
generated by {zN | z € Z} is free in V), freely generated by {zN | z € Z}.

The proof of Theorem A2 depends on the following lemma which is an analog of a
theorem of Magnus [9] and which is proved by simply mimicking Magnus’ proof:

Lemma 5. Let V be a variety of groups in which the free groups are residually
nilpotent. Suppose that T is a group in V and that Z is a subset of I' which freely
generates I' modulo [I',T]. If T /v, (T) is a free group in the variety of all nilpotent
groups in V' of class at most n — 1, then the subgroup E of I generated by Z is free
iV, freely generated by Z.

Proof. Now

E/EN (L) 2 Evp(D) /v () = T /yn(T).

Observe that E/E N 7,(T") is nilpotent of class at most n — 1 which implies
that v,(E) < EN~,(T). On the other hand, EN~, (") > ~,(E) and therefore
ENy,(T) = v (E). It follows that E/v,(E) is free in the variety of all nilpotent
groups in V of class at most n — 1 freely generated by {z7,(E) | z € Z}. Let F
be a free group in V), freely generated by a set Z' = {2’ | z € Z} in a one-to-one
correspondence 2’ — z with Z. The map u : 2’ — z induces then a homomorphism
w from F onto E and therefore a homomorphism p, of F/v,(F) onto E/v,(E).
Since E/v,(E) is freely generated by {zv,(E) | z € Z}, pup is an isomorphism.
Now if @ € F and a # 1, then there exists an integer n such that a ¢ 7, (F). So
v, (F) # 1 which means its image under p,, is also not equal to 1. It follows that
1 is an isomorphism as required. O

Theorem A2 follows immediately from Lemma 5 since by Corollary 4 T'/~,(T) is
free in the variety of nilpotent groups of class at most n — 1 in V.
We come next to the following generalization of Stallings’ theorem.

Corollary 6. Let V be a variety of groups and let G be a free group in V. Let N be
a normal subgroup of G satifying the H-condition and let T' = G/N. Suppose that
G is residually nilpotent, that G /v, (G) is torsion-free and that T oy is free abelian.
If the subset Zy of G freely generates modulo N[G,G] a free abelian group, then
the subgroup Eq of ' generated by {zN |z € Z1} is free in V, freely generated by
{zN|z€Z}.

Let Z be a subset of I' which freely generates I' modulo its derived group. By
Theorem A2 the subgroup E of I' generated by Z freely generates a free group
in V. Since the set {zN |z € Z;} freely generates a free abelian group modulo the
derived group of I, it freely generates a free abelian group modulo the derived
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group of E. Now by a theorem of Baumslag [3] any set of elements of E which
freely generates modulo its derived group a free abelian group, freely generates a
free group in V. So Ej is free in V, freely generated by {zN |z € Z; }.

If we now observe that absolutely free groups are residually nilpotent and that
the quotients by the terms of the lower central series of a free group are torsion-
free [10], then Stallings’ theorem becomes a special case of Corollary 6.

Corollary 6 was first proved by Stammbach [13]. As noted earlier, his book [13]
contains many results related to the work described here. It is worth pointing out,
however, that our approach is quite different from anything dealt with in [13].

4. Q-Groups

The basic idea in our approach to Stallings’ theorem is best understood by working
not in the category of all groups, but in the category of so-called Q-groups. As
noted in the introduction, with a little work many of the results about Q-groups
can be deduced from the corresponding results for ordinary groups and vice-versa.
We will discuss this aspect of our work in Sec. 6.

4.1. Q-Groups

Definition 7. A group H is termed a Q-group if every element of H has a unique
nth root, for every positive integer n.

Each such Q-group H can be viewed as a group which admits a set p,, of unary
operators, one for each positive integer n, satisfying the laws:

(hpa)" =h = (W")pa (h € H).

So if ¢ = £/m € Q, where here ¢ and m > 0 are integers, then Q acts on H as
follows:

h? = (he)pm-

Q-groups can be thought of as groups with operators or as universal algebras. As
such they constitute a category where the usual notions of morphism, subobject and
quotient object apply. The kernels of morphisms will be termed here Q-ideals and
subobjects Q-subgroups. A class V of Q-groups which is closed under Q-subgroups,
epimorphisms and cartesian products is called a variety (of Q-groups). In every
such variety V of Q-groups, we have free objects which we term free V-groups. We
refer the reader to the book by Cohn [4] for further details, which we here take
for granted. We emphasize the fact that if I is a Q-ideal of the Q-group H and if
q € Q, then the action of Q on H/I is given by

(hD)? = he (h € H).

We denote the smallest Q-subgroup of the Q-group G containing X by gpo(X) and
the smallest Q-ideal of G containing X by idg(X). We shall need to be able to
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differentiate between groups and Q-groups and we do so by omitting all mention of
Q when working inside the category of all groups.

4.2. Nilpotent Q-groups

If the Q-group H is nilpotent, then it turns out that every term of the lower
central series of H is a Q-ideal of H and so, in particular, [H, H]| is an ideal of H
(Baumslag [1]). Therefore H,, = H/[H, H] is an abelian Q-group and as such can
be viewed as a vector space over Q, allowing us to invoke the terminology of vector
spaces. We then term any pre-image in H of a basis for Hg,, a Q-basis for H. It
is not hard to prove that if Y is a Q-basis of the nilpotent Q-group H, then Y
Q-generates H, i.e., gpo(Y) = H.
The following lemma will be useful in the sequel.

Lemma 8. A normal Q-subgroup I of a nilpotent Q-group H is an ideal of H.

Proof. Consider the factor group H/I. Notice that H/I is torsion-free. To see this,
suppose that A" € [ for some h € H and n > 0. Since I is closed under extraction of
roots, h € I, as needed. Now in a torsion-free nilpotent group nth-roots are unique
whenever they exist — this is due to Kantorovich (see Kurosh [7]). It follows that
H/I is a Q-group, which completes the proof of the lemma. |

4.3. Theorem B1 and some of its consequences
We are now in a position to formulate the following analog of Theorem Al for
Q-groups.
Theorem B1. Let H be a nilpotent Q-group and let I be a Q-ideal of H satisfying
the H-condition, i.e.,

[H,H|NI=[H,I|.

Then there exists a basis X =Y U Z of H such that {zI|z€ Z} is a basis for
I' = H/I and such that

I =idg(Y).

Before proceeding to the proof of Theorem B1 we note the following consequence
of Theorem B1.

Corollary 9. Let H be a Q-group, free in some variety V of nilpotent Q-groups
and let I be an ideal of H satisfying the H-condition. Then T' = H/I is free in V.

Proof of Corollary 9. There exists, by Theorem B1, a Q-basis X =Y U Z for H
such that I is the Q-ideal of H generated by Y. Hence H/I = gpo(Z) is also free
inVon{zl|ze€Z}. O
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Adopting the notation and hypothesis of Corollary 9, it follows that H splits over I,
with gpo(Z) a complement of I in H, substantiating the remarks made in Sec. 2.
We come now to the proof of Theorem B1.

Proof. The proof closely follows that of Theorem Al.
We view H/[H, H| as a vector space over Q and [H, H|I/[H, H] as a subspace
of H/[H, H]. So we can choose a basis of H/[H, H] which takes the form

{z0[H, H] | 0 € O}y U{ym[H, H] | m € M},
where the y,,, € I and constitute a basis for I[H, H|/[H, H]. Put
Z={210€0}, Y={ym|meM} and X =Y UZ.

Then X Q-generates H modulo [H, H] and hence X Q-generates H.

Let I; be the Q-subgroup of H generated by all of the conjugates of the elements
of Y by the elements of H. We claim that I; = I. Clearly I; < I. Our objective is
to prove that the reverse inequality holds. The proof is by induction on the class
cof H. If ¢ = 1, this is obvious. Assume then that ¢ > 1. Now ~.(H) is an ideal
of H; therefore following the proof of Theorem A1, we may assume inductively that
I < Liv.(H). It follows that

(L, H) < [Livo(H), H] = [L,, H].

Let a € I. Then a = b/, where b € I and b’ € ~.(H). Therefore b’ € I N [H, H].
Since I N[H,H] = [I,H| and [I,H] = [I, H], this implies that & € [I1, H] and
therefore b’ € I;. Consequently a € Iy, i.e., I < I;. This completes the proof of
Theorem B1. |

5. Theorem B2

There is another rather less straightforward deduction that one can make from
Theorem B1, namely the following analog of Stallings’ theorem for Q-groups:

Theorem B2. Let H be a Q-group, which is residually torsion-free nilpotent. Sup-
pose that H is free in a variety V of Q-groups and that I is an ideal of H sat-
isfying the H-condition. Furthermore, let Z = {z,]|0€ O} be a subset of H such
that Z' = {2/, = 2,1 |0 € O} is independent modulo the Q-subgroup generated by the
commutator subgroup of T' = H/I. Then the Q-group generated by Z' is again free
in V. In particular if T' = gpo(Z’), then T is free on Z'.

Theorem B2 applies in particular to the variety of metabelian Q-groups, since
Ledlie [8] has proved that the free groups in this variety are residually torsion-free
nilpotent.
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5.1. Proof of Theorem B2

We denote by £ the class of all groups in which every element has at least one nth
root for every positive integer n. £-groups are often referred to as divisible groups.
In order to proceed, we need to provide some additional information about nilpotent
E-groups. To begin, we recall the following lemma of Kantorovich (see [7]).

Lemma 10. Let G be a nilpotent E-group. Then the torsion subgroup tor(G) of G
is central in G.

We are now able to prove the following proposition, which is interesting in its own
right.

Proposition 11. Let G be a nilpotent E-group. Then G splits as a direct product
G =Ax B,

where B is contained in the torsion subgroup tor(G) of G and the torsion subgroup
of tor(A) of A is contained in its derived group.

Proof. Let n be the canonical homomorphism of G onto its abelianization G ;.
Since G € &, it follows also that G, € €. Let K be the kernel of the restriction of
1 to tor(G). Now K = tor(G) N [G, G]. Since G is a nilpotent £-group, it follows,
by induction and the usual commutator identities (see e.g. [1]) that [G,G] € €£.
Moreover, since G € &, it follows also not only that tor(G) € &, but that tor(G)
is isolated in G, i.e., closed under extraction of nth roots for every choice of the
positive integer n. Hence tor(G) N [G,G] € &, i.e., K € £. Therefore since a divisible
subgroup of an abelian group is a direct factor, K is a direct factor of tor(G):

tor(G) = K x B.

It follows that 7, restricted to B, is a monomorphism. Decompose G into a direct
product

Gab =(C x Bn.

Let 7 be the projection of G4, onto Bn and let v be the inverse of 7 restricted to
B, i.e., the map which sends by (b € B) to b. Finally let A be the kernel of the
homomorphism 3 = nmv. We claim that

G=AxB.

Now (3 is the identity on B. Hence AN B = 1. Moreover B is central in G and
so A and B commute elementwise, which implies that they generate their direct
product. Finally, if g € G, then, appealing to a well-known argument,

9= "(9(98)"")gs € Ax B,
since (g(gB)~1)3 = 1. This completes the proof of Proposition 11. O

We need some additional lemmas before we can proceed to the proof of Theorem B2.
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Lemma 12. Suppose that G is a nilpotent Q-group and suppose that N is a normal
subgroup of G. If [N, G| is contained in the center of G, then [N, G| is an ideal of G.

Proof. Since [N,G] is a normal subgroup of G, it suffices to prove that [N, G]
is isolated in G. Suppose then that g € G, that n is a positive integer and that
g™ € [N,G]. Then

n

g = [alagl]'”[a’khgk]
where ay,...,a € N and g¢1,...,gx € G. Now G is an £-group; so there exist for
each of the g; elements h; € G such that g; = h'. Each of the commutators [a;, ]
is central in G consequently
[aivgi] = [aia h?] = [aia hz]n
and therefore
9" = lar, a]" -+ faw, he]™ = ([ar, ha] -+ [ak, hue])".
Since extraction of roots in GG is unique, we find that
g = [a'lvhl] T [a'k’ hk] € [N7 G]

which completes the proof. O

Corollary 13. Suppose that G is a nilpotent Q-group and that M is a mormal
subgroup of G. Then [M,G] is an ideal of G.

Proof. Since G is nilpotent, there exists an integer £ such that
[M,G,....G] #1, [M,G,....G]=1.
N—— N——
¢ £+1

By Lemma 12, N = [M, G,... ,G] is an ideal of G. So inductively we can assume
¢

that [M, G]/N is an ideal of G/N. It follows that if g € [M, G] and if n is a positive

integer, then there exists an element h € [M,G] and an element a € N such that

g = h™a. Since N is an ideal of G, there exists an element b € N such that b” = a.

Consequently g = ha = h™b"™ = (hb)™. Since hb € [M,G], this completes the

proof. |

We will find it useful to denote the isolator of a subgroup H of a group G by H;
so, by definition, H consists of those elements of G with a non-trivial power in H.
In the event that G is nilpotent, H is again a subgroup of G (cf. e.g. [7]). Notice
that the Q-subgroup generated by [G, G] is |G, GI.

Next we have

Corollary 14. Suppose that M is a normal subgroup of the nilpotent Q-group G.
Then

[M,G] = [M,G] = [M,G].
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Proof. We have already proved that [M,G] is an ideal of G. Since it contains
[M,G] it also contains [M, G]. On the other hand [M, G] consists of all elements of
G which have a non-trivial power in [M, G]. Therefore [M, G| > [M, G]. So we have
proved that [M,G] = [M, G].

It remains to prove that [M,G] = [M,G]. Now G/[M,G] is a Q-group. Every
element of M has a non-trivial power in M. Now Kantorovich has proved that the
center of a group in which extraction of roots is unique is isolated [7]. This implies
that modulo [M,G], G is centralized by M. In other words, M is contained in the
center of G modulo [M, G] which means that [M, G] < [M, G]. The reverse inequal-
ity follows from the fact that M < M. This completes the proof of Corollary 14.

O

We are now in a position to prove the key step in the proof of Theorem B2.

Lemma 15. Suppose that R = S x T, where S is a nilpotent Q-group and T is
a torsion, abelian group. Furthermore, suppose that U is a normal subgroup of R
satisfying the H-condition. If T is the projection of R onto S, if P = Ur and if P
is the isolator of P in S, then

[S,S]NP =[S, P,
i.e., P, viewed as a subgroup of S, satisfies the H-condition.
Proof. Since U satisfies the H-condition,
[R,R|NU = [R,U). (1)
It then follows from (1) that

[S,S]NU =[S, P]. (2)
We claim that

[S,S]NP =[S, P, (3)
We prove first that

[S,S]NP <[S, P (4)

Suppose that a € [S,S]N P. Since a € P there exists a positive integer n such that
a™ € P. So a™ € [S, S] N P. Furthermore, because a” € P, there exists an element
t € T such that a™t € U. T is a torsion group. Consequently there exists a positive
integer m such that ¢™ = 1. It follows that a™™ € U. Hence a™" € [S,S]NU.
Consequently by (2) a™” € [S, P]. Since P < P, a™" € [S, P]. Now by Lemma 12,
[S, P] is an ideal of S. This implies then that a € [S, P]. This completes the proof
of (4). |

Now, using Corollary 14 to begin with, we find that
[S,P] =[S, P =[S,U] = [R,U] = [R,RINU < [$,S]nP < [S,S]NP.
This completes the proof of Lemma 15.
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There are two more steps needed in order to complete the proof of Theorem B2.
The first is the following lemma.

Lemma 16. Let H be a free group in a variety V of Q-groups. Suppose that
H is residually torsion-free nilpotent and that I is a Q-ideal of H satisfying the
‘H-condition. Furthermore suppose that Z = {z,|o0€ O} is a subset of H and sup-
pose that {z,I|o€ O} is linearly independent modulo the isolator of the derived
subgroup of ' = H/I. Then there exists for each n > 1 an ideal J,, of H such that

(1) H/J, is free in the variety V, of all nilpotent groups of class at most n — 1
mn V;

(2) J,, < [H,H]I and so the elements z,J, o € O} are independent modulo the
derived group of H/J,.

Proof. Now by Proposition 11, H/v,(H) splits as a direct product

H/’Yn(H) = An/’Yn(H) X Bn/’Yn(H)a

where B, /v,(H) is a torsion group and the torsion subgroup tor(A, /v,.(H)) =
Cn/(H) of Ap/v,(H) is contained in its derived group. It follows in particular
that %, (H) = C,, X B,, and also that

By Lemma 2, Iy, (H)/vn(H) satisfies the H-condition and again by Lemma 2,
1C,,/C,,, now viewed as a subgroup of H/C,,, satisfies the H-condition. Observe that
H/C, = A, /C,xB,C,/Cy and that A,,/C,, is a nilpotent Q-group, indeed isomor-
phic to H/5,, (H), which is free in V,,. Now the elements z,(C),B,) = z,7,,(H) are
linearly independent modulo the derived group of H/7,, (H). Let now m,, be the pro-
jection of H/C,, onto A,,/C,,. Then by Lemma 15, (IC,,/Cy,)7, = K,,/Cy, is an ideal
of the Q-group A,,/C,, satisfying the H-condition. It follows also that K, B, /C, B,
is a subgroup of H/C),B,, satisfying the H-condition. We have already noted that
CnBpn =7, (H). So, putting K,, B, = J,, we find that .J,, /7,,(H) is a Q-subgroup of
H/7,,(H) satisfying the H-condition. So by Corollary 9, (H/7,,(H))/(Jn/7,(H)) =
H/J, is free in V,,. Moreover J,, < [H, H|I and therefore the elements z,.J,, (0 € O)
are independent modulo the derived group of H/J,. Consequently they freely gen-
erate, modulo J,, a free group in V,. This completes the proof of Lemma 16. O

In order to complete the proof of Theorem B2 we need a corollary to the following
analog of Lemma 5 for Q-groups.

Lemma 17. Let V be a variety of Q-groups in which the free groups are residually
torsion-free nilpotent. Suppose that I' is a group in V and that X is a subset of T’
which freely generates T modulo [I',T]. If there exists for each n a quotient of T
which is free in the variety of all nilpotent Q-groups, freely generated by the image
of X, then the Q-group H generated by X is free in V, freely generated by X .
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Proof. Let F' be a Q-group, free in V on a set X' = {¢/ | x € X}, in a one-
to-one correspondence with X. Let ¢ be the homomorphism of F' onto H defined
by mapping 2/ € X’ to x € X. This homomorphism induces a homomorphism
from F/%,(F) onto H/%,(H). Now according to the hypothesis, H/¥,(H) maps
via a homomorphism, say ¢, onto a free nilpotent group E in the variety of all
nilpotent Q-groups of class at most n—1 in V, freely generated by X§. Let ¢ be the
homomorphism of E onto H/%,(H) defined by mapping xd back to . It follows
that d¢ is the identity on E and therefore that H/#%,(H) is free nilpotent of class
n — 1 in the variety of all nilpotent groups of class at most n — 1 in V. O

This brings us to the last step in the proof of Theorem B2.

Corollary 18. Suppose that V is a variety of Q-groups in which the free groups
are residually torsion-free nilpotent. Let G be a free group in V. If Y is any subset
of G which is independent modulo the Q-subgroup of G generated by [G,G], then
gpo(Y') is again free in V), freely generated by Y .

Proof. We can extend Y to a set X such that X is a basis for G modulo J =
Let H be the Q-group generated by X. Then HJ = G and hence H7,,(G)
follows that

H/3n(G) N H = G/ (G).

Hence, by Lemma 17, H is free in V and freely generated by X. Since Y is a subset
of X it follows that gpg(Y') is also free in V and freely generated by Y. |

Theorem B2 follows immediately. Indeed, if we put Lemma 16, Lemma 17 and
Corollary 18 together, we find that any subset of I which is independent modulo the
@-subgroup generated by the commutator subgroup of I' = H/I, freely generates a
free group in V.

6. Malcev Completions and the H-Condition

Every torsion-free nilpotent group G can be embedded in a nilpotent Q-group H.
If gpo(G) = H, then H turns out to be unique. This follows from the fact that if ¢
is a homomorphism of G into a nilpotent Q-group K, then ¢ can be continued to a
homomorphism from H into K. It follows that if G is a subgroup of the Q-group K
and if gpg(G) = K, then there is an isomorphism from H to K which extends the
identity map from G, qua subgroup of H, to G, qua subgroup of K. Such a group
H is termed the Malc¢ev completion of G, which we denote also by m(G). One of
the properties of H is that given an element h € H, there exists a positive integer
j such that b7 € G.

Lemma 19. Let G be a torsion-free nilpotent group and let N be a normal subgroup
of G. Then m(N) is an ideal of m(QG).
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Proof. It suffices by Lemma 8 to prove that m(N) is a normal subgroup of m(G).
Let H = m(G). Notice that the class ¢ of H coincides with the class of G. The proof
then is by induction c. If ¢ = 1 there is nothing to prove. Suppose then that ¢ > 1
and that modulo the center C' of H, m(N) is normal in H. Now let a € m(N) and
let b € H. Then inductively b=tab € m(N)C. So b=tab = a’y, where a’ € m(N)
and y € C. There exists a positive integer n such that a™ € G, ' € N and b" € G
which implies that

b~ "a"b"™ = a"y™ € N.
This yields y™ € N and so y € m(N). Hence b~tab = a'y where a'y € m(N) and
this completes the proof of Lemma 17. |

Lemma 17 allows us to prove the following:

Lemma 20. Let G be a torsion-free nilpotent group and let N be a normal subgroup
of G which satisfies the H-condition. Then m(N) is an ideal of m(G) which satisfies
the H-condition.

Proof. By Lemma 17, m([G, G]) is an ideal of m(G). If a,b € m(G) then some non-
trivial power of both a and b lies in G and hence modulo m([G, G]) the elements a
and b commute. So m(G)/m([G,G]) is abelian. So [m(G), m[G]] < m(|G, G]). Now
[m(g), m(g)] is an ideal of m(G) which clearly contains [G,G]. So [m(G), m[G]] >
m([G,G]). So we have proved that [m(G),m[G]] = m([G,G]). It follows that
[m(G), m(G)] Nm(N) consists of those elements of m(G) with a non-trivial power
in [G,G]NN =[G, N]. Therefore [m(G), m(G)] Nm(N) < m([G, N]). Similarly we
find that m([G, N]) consists of those elements of m(G) with a non-trivial power in
[G,N] = [G,G]NN. Consequently m([G, N]) < m([G, G] N m(N)), which completes
the proof of Lemma 12. O

Lemma 17 enables us to deduce Theorem A1l from Theorem B1l. Many of the
subgroup theorems can then also be deduced one from the other by appealing
to Theorem C, which will be formulated and proved in Sec. 7, below.

7. Connecting Varieties

In this section we briefly discuss, as we indicated earlier, some of the connections
between torsion-free nilpotent groups and nilpotent Q-groups. We shall have need
here for two varieties, the variety V of Q-groups generated by the Mal¢ev completion
m(G) of a torsion-free nilpotent group G and the variety U of groups generated by
G. The following theorem then holds.

Theorem C.

(1) Let Gy be a torsion-free nilpotent group and let G be a subgroup of Gy. If every
element of G1 has a positive power in G, then G and G generate the same
variety.
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(2) If G is a free group in a variety of nilpotent groups and if T is the torsion
subgroup of G, then m(G/T) is free in the variety V of Q-groups generated by
m(G/T).

(3) Let H be a nilpotent Q-group, free in a variety V of nilpotent Q-groups, freely
Q-generated by X and let U be the variety of groups generated by H. Then
G = gp(X) is free in U, freely generated by X.

(4) If G is a torsion-free nilpotent group, free in a variety U and if V is the variety
of Q-groups generated by m(G), then m(QG) is free in V.

Proof. (1) Since a variety is completely determined by the laws that hold in all the
groups in the variety, it suffices to restrict attention to the case where G is finitely
generated. It follows then that G is of finite index, say j, in G (see [7]). Let p be a
prime which does not divide j. Then, according to a theorem of Gruenberg [5], Gy
is residually a finite p-group and hence is a subdirect product of quotients of Gy of
p-power order. Since G is of index j in G1, the image of G in each such quotient K
coincides with K. It follows that Gp is a subdirect product of quotients of G and
hence is contained in the variety generated by G. This completes the proof of (1).

(2) Let U be the variety of groups generated by G’ = G/T. Since G is free
in some variety of groups, we can express G as a quotient of an absolutely free
group F, freely generated by a set X, by a fully invariant subgroup I of F:

GxF/I
This isomorphism induces an isomorphism between T' and a subgroup J/I of F/I:
Tx=J/I.

Notice that J is a fully invariant subgroup of F' and since G’ = F'/.J, G’ is free in U.
The laws defining U are simply the X-words which comprise J. It follows that G’
is free in Y on X’ = {aJ | z € X }. Hence every mapping of X’ into a group H in U
can be extended to a homomorphism of G’ into H. Now by (1) every group in V is
contained in Y. Hence every mapping of X’ into a Q-group H in V can be extended
to a homomorphism. Now m(G’) has the property that every homomorphism of
G’ into a nilpotent Q-group H can be extended to a homomorphism of m(G’)
into H (A. I. Maléev [11]). Hence, noting that gpg(X’) = m(G’), we find that every
mapping of X’ into a group H in V can be extended first to a homomorphism from
G’ into H and then to a homomorphism of m(G’) into H. This means that m(G")
is free on X’ in V.

(3) Let F be a free group in U, freely generated by a set X' = {2’ | z € X},
in a one-to-one correspondence with X. The mapping from X’ to X defined by
2’ +— z(x € X) can be extended to a homomorphism g of F' into H. Notice that
1 maps F onto G. On the other hand, suppose that w(zy,...,2,) is a product of
the elements z; € X and their inverses. If w(z1,...,2,) =1 in G, then w =1 is a
law in )V which does not involve the action of Q and so it is also a law in U. Hence
w(xh,...,z) =1 in F. Thus the mapping from X to X’ sending each z € X to
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a2’ € X’ defines a homomorphism 7 of G onto F. But u and 7 are inverses and so
G is free on X as claimed.

(4) Suppose that G is freely generated by X. Then X Q-generates m(G). Now
let E be a Q-group in V and let @ be a map from X into E. By (1), every group
in V is contained in U. Hence « can be continued to a homomorphism 5 from G
into E. But then 3 itself can be continued to a homomorphism from m(G) into E,
since m(G) is the Malcev completion of G. m|

8. Lie Algebras

There are analogs of all of the results described above for Lie and associative alge-
bras over fields and also over Z. We shall not go into any of the details here, leaving
them (and the appropriate transcriptions) to the interested reader. We content
ourselves with the fomulation of one such analog here, adopting the usual bracket
notation for Lie algebras as used for example in Jacobson’s book [6].

Theorem D. Let I be a free lie algebra over k, a field of characteristic 0 and let
L = F/I be a quotient of F by an ideal I. If

[F,FINI=[F,I],

then any subset Z of L which is independent modulo the derived Lie algebra [L, L]
of L, freely generates a subalgebra of L which is free on Z.

It is probable that Theorem D is not new, but I have been unable to find it in the
literature. The main point in this regard is that the approach taken here can be
mimicked in the category of Lie algebras as well as in the category of associative
algebras. In both these categories there are analogs of most of our theorems and
which also have many consequences. In addition all of Stammbach’s results can be
re-proved in these slightly different settings.
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