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An algebraic set over a group G is the set of all solutions of some system
{f(xq,...,x,) =11f€ G*{xq,...,x,)} of equations over G. A group G is equa-
tionally noetherian if every algebraic set over G is the set of all solutions of a finite
subsystem of the given one. We prove that a virtually equationally noetherian
group is equationally noetherian and that the quotient of an equationally noethe-
rian group by a normal subgroup which is a finite union of algebraic sets is again
equationally noetherian. On the other hand, the wreath product W= U\ T of
a non-abelian group U and an infinite group 7 is not equationally noetherian.
© 1997 Academic Press

1. INTRODUCTION

Let G be a group, let F, be the free group, freely generated by
Xy ..., X,, and let

G[xll""‘xn] =G*Fn
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be the free product of G and F,. We use functional notation here,

denoting an element f € G[x,,..., x,] by
F= (e x,) = f(X e X, 8 8) (1)
thereby expressing the fact that the word representing f in Glx,,...,x,]
involves the variables x,, ..., x,, and, as needed, the constants g,,..., g, €
G. We term
v=(0q,...,0,) (v, € G) (2)

a root of f if

F(0) = F(010ee Oy e 8) = 1.

If S is a subset of G[x,,...,x,] then v is said to be a root of § if it is a
root of every f € S. Let S be a subset of G[x,,...,x,]. The algebraic set
over G defined by S, or, more simply, the algebraic set defined by S, is then,
by definition, the set 17(S) of all roots of S:

V(S) ={v="(vy,....,0,) |v; € G, f(v) =1 forall f e S}.

We term the group G equationally noetherian if for every choice of the
integer n and every subset S of Glx,,..., x,]

V(S) =V(So),

where S, is a finite subset of S. If there is any ambiguity as to which group
G is involved in any algebraic set under consideration, then we use the
notation V;(S) to emphasize the fact that the algebraic set is over G.
These notions are introduced and studied in Baumslag, Miasnikov, and
Remeslennikov [1] (see also [2]).

The object of this note is to prove the following two theorems.

THEOREM 1. Let G be a group and suppose that G contains a subgroup H
of finite index which is equationally noetherian. Then G is also equationally
noetherian.

Theorem 1 answers a question raised by Roger Bryant [3].

THEOREM 2. Let G be equationally noetherian and let N be a normal
subgroup of G which is a finite union of algebraic sets over G. Then G /N is
also equationally noetherian.

Every singleton of a group G is an algebraic set. So it follows, in
particular, that the quotient of an equationally noetherian group by a
finite normal subgroup is again equationally noetherian. In addition, it
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follows also that the quotient of an equationally noetherian group by a
normal subgroup which is an algebraic set is equationally noetherian. Now
the center /(G) of G is the set of roots of the system of equations

s={lg.x]lg<G}.
Consequently Z(G) is an algebraic set. So, by Theorem 2, we find
COROLLARY 1. If G is equationally noetherian, then so too is G /{(G).

The converse of Corollary 1 is false. We shall give an appropriate
example in Section 4. In fact groups which are not equationally noetherian
are not hard to come by. A whole family of them is provided by the

ProposITION 1. Let U be any no-abelian group and let T be infinite. Then
the wreath product W = U \ T is not equationally noetherian.

Some additional examples are described in Section 4, one of which
settles another question of Roger Bryant [3].

2. THE PROOF OF THEOREM 1

We recall first from [1] that every subgroup of an equationally noethe-
rian group is equationally noetherian. So, replacing H by the intersection
of its finitely many conjugates in G, we can assume that H is normal. Now
G embeds in the wreath product W= H \ T, where T = G/H (see, e.g.,
[4]. W is the semidirect product of T and the direct product of |T'| copies
of H. Now the direct product of a finite number of equationally noethe-
rian groups is equationally noetherian [1] and, as noted above, subgroups
of equationally noetherian groups are equationally noetherian. Thus it
suffices to prove that a group which splits over an equationally normal
subgroup of finite index is again equationally noetherian. So we can
assume that G is of the form

G=TH (T finite, H normal in G, T n H = 1).

Notice then that every element g € G can be uniquely written in the form
g=ta(t T, aec H). Suppose that v € G". Then v can be expressed as
v=(80y,...,5,a,) (s;€T,a;,€H). (3)

n—-n

Consider now a word fe Glx,,...,x,] (see (V). If g, =rb, (r;eT,
b;e H(i=1,...,m)), then

f(v) =f(say,...,8,a,,rby, ... 1,b,).



EQUATIONALLY NOETHERIAN GROUPS 657

We re-express f(v) in the form ra by successively moving the various
occurrences of the elements of T across to the left of the word, starting
with those elements which occur furthest to the left. If we keep track of
the words that result from this process, we see first that

(= F(s0ee08,),

where f(x,,...,x,) = f(x;,...,x,, 7, ...,7,) is obtained from
f(xq,...,x,) by replacing each of the constants g, =rb;, in f by the
constants r,. In particular, f(x,,...,x,) € Tl[x,,...,x,]. We need to elab-
orate on the form that we concoct for a. Suppose, first of all, that
T={=1,...,t}. We then put

a{=tj_1aitj (i=1,...,n,j=1,...,])

and introduce nl variables y/ (i =1,...,nj=1...,1) in a one-to-one
correspondence with the set of a/. Consider now what happens when we
start moving the elements of T across to the left hand side of

f(syaq,....s,a,, by, ....,r,a,).

Every time we move an element of ¢t € T past a b, we replace it by
t~'b;t € H. The first time we move an element t; €T past an a;, we
replace a, by al. If we next have to move ¢, past a/, then we replace af by
Where t, = t;t;,. At the end of this process we replace all occurrences
of the a; WhICh have not been changed, by a?.
The net result of this discussion is that we have defined a word,
depending on f and v

fle [y vl

which has the form

= (b en ) (6 € H)

such that

a =f1’,(a},...,all,...,af,,...,afl,cl,...,cm,)
(notice that we have taken advantage of the fact that the conjugates ¢, of
the b, that arise from the right-to-left collecting process are contained in
the set of all of the conjugates of the elements b,,...,b, by all of the
elements of T).
We have also defined an nl-tuple
v = (a%,...,ai,...,al ...,ai) e HM,

nt
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which depends only on v. If we think of v € G" as given and the elements
of G[x,,..., x,] as variables, then v gives rise to the function

d
—f = fi(f € Glx . x,)).

Observe that d /dv maps Glx,,...,x,]linto H[y}, ..., yL, ...,y ... yl]
For v = (sya4,...,s,a,), where s, € T, a; € H, we define

AMU) =(81,....8,).

Now we can summarize some of the discussion above as

LEMMA 1.

f(v) =f(s1,...,sn)]‘lf.(ai,...,ai,...,a}i,...,ai,,cl,...,cm,)
i.e.,
f(o) =F(M0)fi(v").
If we review the way in which f) is defined, then we find that
LEMMA 2. If word f] depends only on Mv).
We will adopt the notation

_dad
T dv dMv)

fi

which is unambiguous, in view of Lemma 2. It follows then from Lemma 1
that

LEMMA 3. Letf G[xl,_. .., x,] and let v € G". Then v is a root of f if
and only if Mv) is a root of f and v’ is a root of df /dNv).

We come now to the proof of Theorem 1. To this end, suppose that S is
a subset of G[x,,..., x,]and V(S) is the algebraic set defined by S.
According to Lemma 3 for any v € G" we have

vEV,(S) e Av) €Vy(S) and U’EVH(d;l(—SU)), (4)
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where here
S={flfes)cTlx,... x,],
das df
o) {d/\(U) ‘fes} bl

A finite group T is equationally noetherian [1]; hence V,(S) = V,(S,) for
some finite subset S, € S. The group H is also equationally noetherian, so
for every A € V;(S) there exists a finite subset R, C S such that

vl 52 ) =) %)
Put
S, = U{R, [ A e v (5)}.

S, is a finite subset of S because V,(S) is finite. We claim that V;(S) =
V(S U S)). Indeed, if v € V(S, U S,), then by Lemma 3

Mv) € Vr(So) = Vr(S), (6)

and hence v € V;(R,,,) by the choice of ;. It follows, again by Lemma 3,
that

v’ ev, (dRA(“)) =V, (d—S) (7)
Hl da(v) Hlaa(v) )

Now, from (6), (7), and (5) we see that v € V;(S). The reverse inclusion
Vi(Sy U S;) € V5(S) is obvious. This completes the proof of Theorem 1.

3. THE PROOF OF THEOREM 2

Our objective now is to prove that if G is an equationally noetherian
group and if N is a normal subgroup of G that is a finite union of
algebraic sets in G, then H = G/N is equationally noetherian. Suppose
that H is not equationally noetherian. Then there exists an integer » and
a subset S of H[x,,...,x,] such that

Vi () # Vi (So)

for every finite subset S, of S. Let f, be any arbitrarily chosen element of
S. Then

Vi (S) # Vi (fo)-
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So there exists v, € V,(f,) and an element f; € S such that f,(v,) # 1.
Similarly,

Vi (S) # Vi (fo, f1)-

Hence there exists v, € V,(f,, f;) and an element f, €S, such that
f>(v,) # 1. In this way we concoct an infinite sequence f, f1, f5,... of
elements of S and an infinite sequence v, v,,... of elements of H", such
that

v; €V (fi i ficy) and fi(v;)) # 1lin H. (8)
Notice that, in particular, f,(v,) = 1 for all i. Now let ¢ be the homomor-
phism of G[x,,...,x,]onto H[x,,..., x,] which maps G canonically onto

H and each x; to itself and let # be the map of G" onto H" which
extends the canonical homomorphism of G onto H. Choose, for each m, a
pre-image fm of f,, under ¢ and a pre-image 7,, in G™ of v

Now N is a finite union of algebraic sets, say

N =V5(8;) U UV5(S,).

The group G is equationally noetherian, therefore we can assume that all
the sets S; € Glx] are finite. Note that words in S, have at most one
variable.

Consider now the set f,(7,), fo(T,), ..., fo(D,,), ... of values under f, of
the elements 7,,. Then all of these elements lie in N. Hence we can find
an infinite subsequence i,(0) <i,(0) < ... of the sequence 1,2,... such
that the elements f,(v; o)) all lie in the same algebraic set, say V;(S, )
(here p, € {1,..., p}). Thus the values of f, on these elements are roots
of the finite set S, . Therefore, for m = 1,2,...

B0 € Vol Sp o))

where Spo(fo) is the finite subset of G[x,,..., x,] defined as

Spo(fo) = {s(fo) | § € Spo}'

Consider now f;. Since f, takes on the value 1 at each of v Vi 0 > 1 all
of the images of this elements o; , under f, liein N. Therefore there is
an infinite subsequence i,(1) < ... <i,(1)... of {i,(0)} such that f, takes
on values from one and the same algebralc set, say V(S 1) at each
element 7; ). Again, if we define

Spl(fl) = {s(fl) | § € Sp1>'
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then for any m

D, ) € VG(Spl( fl)).

Continuing in this way we arrive, at the kth stage at an infinite subse-
quence i,(k) < i,(k) < ... of the previously defined sequence {i,(k — 1)}
such that f, takes on values from an algebraic set Vs(S, ), for some fixed
pr €1{1,..., p}, at every Ui oy We then define

Spk(fk) = {S(fk) | $ € Spk}’

and observe that for any m

B0 € Vol S,(F))-
Consider now the set
T=U{s,(f)|k=01,.}
of elements of G[x,,..., x,]. By our construction for any v € G"
veVy(T)=f(v)=1 inH(k=01,2..). (9)

Since G is equationally noetherian, V;(T) = V(T,), where T is a finite
subset of 7. We can assume that

SPo(fo) U U Spl(f[)’
for some finite /. Notice that
Uiy € VG(SpO(fo) Uy Sp,(ﬁ))!

whenever k > [. But then for u, = i,(/) we have v, € V;(Ty). This implies
that o, € V(7). Therefore by (9)

fll«o( Ul‘-o) = l’

which contradicts the choice of the element v, (see (8)). Thus we have
arrived at a contradiction which completes the proof of the theorem.

4. SOME EXAMPLES

Our first objective now is to prove Proposition 1, which was formulated
in Section 1. Suppose then that W= U\ T is the wreath product of a



662 BAUMSLAG, MYASNIKOV, AND ROMAN’KOV

non-abelian group U by an infinite group 7. Let B be the normal closure
of U in W and let S be the following subset of W[x]:

S ={[a,b*]|a,b € B}.

Since U is non-abelian and T is infinite, ’(S) is empty. To see this,
observe that if x is a root of S, then x = tc, where t € T and ¢ € B. Now
choose u and v to be two elements of U which do not commute. Then

[u, (tc)_ltcv(tc)_ltc] #1

contradicting the fact that x = ¢c is a root of S. On the other hand if S is
a finite subset of S, then there are only finitely many elements of B and T
that arise in S,. Since T is infinite and all of the elements a and b are
contained in B, there exists an element ¢ € T such that the supports of all
of the conjugates b’ of all of the elements b that occur in these finitely
many equations are disjoint from the supports of each a, which implies
that every such a commutes with every b’. This completes the proof of
Proposition 1.
In particular, we have

ExampLE 1. The wreath product of the symmetric group of degree
three S; by an infinite cyclic group C is not equationally noetherian.

Since any direct power of a finite group is equationally noetherian [1], it
follows that even a split extension S; \ C of an equationally noetherian
group @, S, by an equationally noetherian group, indeed an infinite
cyclic group C, is not always equationally noetherian, in contrast with
Theorem 1.

Now Roger Bryant [3] has proved that a finitely generated abelian-by-
nilpotent group is equationally noetherian. Notice that, by Proposition 1,
the wreath product of the quaternion group of order 8 by an infinite cyclic
group is not noetherian, i.e., there exits finitely generated nilpotent-
by-abelian groups which are not equationally noetherian. This answers
another of Bryant’s questions.

Now we will construct an example of a group G, with the center /(G) of
order p, such that G is not equationally noetherian but G/{(G) is
equationally noetherian.

ExampLE 2. Let p be any given prime and let G be the group
presented as

G={t,a,b,c;[tTmat™,t"bt"] =c,[t,c] =[a,c] =[b,c]=1,c" =1
[e7™at™ ¢ "at"] = [t bt™, ¢ "bt"] = 1

(all integer m, n), [t ™at™, t™"bt"] = 1 (m + n)).
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Here C = gp(c) is the center of G and it has order p. Notice that
G/C = Z?\ Z. Consequently, G /C is equationally noetherian because it
is linear [1]. To see that G is not equationally noetherian, consider the
subset

S = {[x,yzn] |(n =0,1,...)>
of Glx, y, x]. Suppose that
V(S) =V(S,),

where S, is a finite subset of S. Then we can assume without any loss of
generality that

So = {[x,yz"] |(n = O,l,...,k)}.

But x =a, y=t*"'bt*"* and z = ¢ is a root of S, but not a root of S.
So G is not equationally noetherian, as claimed.

In conclusion we will construct an example of a (restricted) direct
product P of finite (hence equationally noetherian) groups which is not
equationally noetherian. We prepare the way by first observing that the
following lemma holds.

LEMMA 4. Let

S=<[x,y2"] |(n=0,1,...)>

and let G = S;\ C,, where C,, is a cyclic group of order n and let H = S; \ C.
Then

(1) the algebraic sets V;(S) cannot be defined by a subset of S with fewer
than n elements;

(2) the variety V;(S) cannot be defined by any finite subset of S.

The proof of Lemma 4 is analogous to the proof in Example 2 and will
therefore be omitted.
Finally we have the following

ExampLE 3. Let P be the restricted direct product of the groups
S;\ C,,

P= ]j[lSlen,
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and let
S = {[x,yzn] |(n = 0,1,...)}.

Then the algebraic set V,(S) cannot be defined by any finite subset of S
and so, in particular P is not equationally noetherian.

It suffices here to note that if V,(S) = V,(S,) for some finite S, C S,
then 1/; (S) = V;(S,) for any direct factor G, =S;\C, of P. This,
however, is impossible by Lemma 4.
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