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Abstract

An element in a fiee group is a proper power if and only if it is a proper power in every nilpotent f-actor

group. Moreover there is an algorithm to decide if an element in a linitely generated torsion-liee nilpotent

group is a proper power.

2000 Mathentatics subject clcLssification: primary 20Fl 8.

1. Introduction

q

One of the questions that arose in the development of the software package MAGNUS

was whether it is possible to discern that an element in a free group is not a proper

power in one of its nilpotent quotients. This question has also arisen in an ongoing

attempt to prove that free Q-groups are residually torsion-free nilpotent. One of the

objects of this note is to settle the first question by proving the following.

THeoReHa 1.1. An element in a free group is a proper power if and onh, tf it is a
proper power in all of its rtiLpotent images.

A key idea involved in the proof of Theorem 1.1 goes back to Wilhelm Magnus and

is a crit ical step in his solution to the word problem for groups with a single defining

relation (see a detailed discussion of Magnus' method in [a]).
As a companion theorem we also prove the following much easier result.

THEoReH,l 1.2. There is an algorithm to decide if an element in a finitely generated

torsion-free nilpotent group is a proper power
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2. The proof of Theorem 1.1

2.1. The groups H (Y , n, c) We shall have need of a family of torsion-free nilpotent

groups H(Y, n, c) which depend on three parameters: a set Y and two positive

integers rt and c. Each of the groups H (Y, n. c) is an extension of a free nilpotent

group l /  -  N(y,n.c)  of  c lass c by the inf in i te cycl ic group f  -q r  > generated

bv r. l/ is freelv senerated bv the set

{ - v 7 , 1 - r ' e  Y ,  l t  -  1 . . . . , n } ,

indexed hy X and {  | n). The action of f on l/ is defined as fbllows

/ - l - ) t l /  :  - ' t ) i - \ , 2 ,  .  .  . ,  t - l - ' t t , r - t l  :  . ) ' r - l - ) ' r ,  t - l  1 ' , , t  
-  

1 ' ,( 2 . 1 )

for .r '  € Y . In order to ensure that the action r of T on l/ given by (2.1) defines

an automorphism of l/ we need first to observe that in a nilpotent group any set

of elements that generates the group modulo its derived group, generates the group

itself. Consequently r is an epimorphism. Next we observe that an epimorphism of

a finitely generated nilpotent group is an automorphism. Notwithstanding the fact

that l/ need not be finitely generated. the very nature of l/ allows one to deduce that r

is monic. Thus the defrnit ion (2.1) makes sense (for some additional explanation, see

the proof of Lemm a 2.2. if desired). Denoting the c'l '  term of the lower central series

of a group G by y,(G),  we observe that,  modulo Tz(N),  H(Y. n,  c)  is  n i lpotent of

c lass n.  Hence, by a theorem of P. Hal l  l2 l ,  H(Y,r t ,  c)  is  a lso ni lpotent.  I t  is  c lear ly

torsion-fred. So we have proved the following.

Lpl,tun 2.1. The groups H(Y,rt.c) are torsion-free nilpotentfor even choice o.f

Y. n curd c.

The following lemma is a consequence of the fact that l/ is f ree nilpotent of class c
(here we denote the conjugate r/ 

-t 
uu of u by u by u" ).

LpH,lHan 2.2. Let N be as above and let

Then

freell, generate N.

z$' ,  h1- -ui"  ( t  :  0,

z ( . r ' , 0 ) , . .  r ,  z ( j ' , n  -  l )  ( , t ' e  f ;

n  -  1 ) .

in a free nilpotent group any
group, freely generate a free

Pnoop. In order to prove Lemma 2.2. observe first that
set of elements which are independent modulo the derived
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ni lpotent group (see, e.g. ,  [5]) .  Not ice that  H (Y, n,  c)  f  y2(H (Y, r t ,  c))  = H (Y, r t ,  1) .

Thus it suffices for the proof of Lemma 2.2to prove that that in H (Y, tt. 1) the elements
?  t  \  , l '  '  ,

: ( -y ,  / r )  :  ) ' i  ( / r  :  0 , . . .  ,n  -  l ,  ) '  e  Y)  f ree ly  genera te  l / .  Now H(Y,  n ,  l )  i s  an

extension of the free abelian group N on .yro . . . , .),,, (,)r € X) by the infinite cyclic

group T on t, where / acts on N as above:

1 - ' , y t  t :  y , , ! 2 , . . . , t - t ) , r _  t t :  - ) ' , r - r - ) , , r ,  t - l  v - n t  - 1 , , ,

forevery _), € y. Observe that foreach integer 0 < k < n - 1 we have

z(.r,,k) : r ' l i)rj i). .r,(l l
It follows that for 1 < k < n we have

g p ( ) ' r ,  ! . .  ! . ) ' r )  -  g P ( l ( . ' r ' , 0 ) ,  . .  . ,  z ( ) ' , , t  -  l ) )

and thence that

: ( .v ,0)  : ( . r ' .  n  -  1)  (_v e f ;

generate N. So, by the remark at the outset of the proof,
freely generate l/.

Finally we shall have need of the following simple observation.

Lgnautn 2.3. Let F be afree group in avarie4,T of groups,freelti gener(ttedbt,a

set X. Let f be an element of F and suppose that f can be written as a vvord in the

f i n i t e l v n l a n v e l e r p e n t s  r r , . . . , x q o f  X .  I f  . f  i s r t o t a p r o p e r p o w e r i n t h e s u b g r o u p S

of F generated bv" the elements xl, .. .,x,t, then f is rtot a proper pow'er in F.

Pnoor .  Suppose i f  poss ib le tha t /  :  f i " , fo rsome f r  e  p ,where  m >  l .  Le tpbe

the  re t rac t ion  o f  F  on to  S  de f ined by  mapp ing  each o f  thex i  to  i t se l f  fo r i  :1 , . . . ,e

and the remaining elements of X to the identity. Then p maps ./ to itself and hence

f - fP -1 f i " )o : ( f r7 ) " ' .

Since ftp e S, this contradiction proves the lemma.

2.2. The main step The main step in the proof of Theorem l.l is the following
lemma, which will be used in the inductive step in the proof. This will be made clear
in what follows.

Levttn 2.4. Let F be afree groupfreely generated by a set X, let s € X and let
X' : X - {s}. Furthermore, let K be the normal closure in F of X' and suppose that

f 
' e K. If f is not a proper power modulo some tenn of the lower central series

of K, then f is not a proper power modulo some tenn of the lower central series of F.

u
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Pnoor'. Observe that K is freely generated by the elements

i u i  :  ' t - i x s i  ( r  €  X "  i  eZ ) '

We can assume, replacing f 
'  by one of its conjugates if necessary. that / '  can be

expressed as a word in the generators

x i  :  ,s - ' , rs t -  l ) )

for a suitably large choice of the integer n. By hypothesis, there exists an integer c'

such that f  
'y ,+t  (K) is not a proper power in K f  y,* ,  (K).

We now choose the set X in Lemma 2.3 in such a way that there is a one-to-one

correspondence @ between X' and Y. Next we define a homomorphism 0 from F

in to  H(Y, r t .c )  by  send ing  r  to  /  and x  €  X ' to  (x r f )1 .  In  the  event  tha t  Q maps

x  €  X ' to  _ r ,  €  I ,  we w i l l  denote . ) , r  a lso  by  _r ' (x ,  1 ) .  Thus  (x f ) t  :  . r ' ( r ,  l ) .

Consequently x; maps onto (1'(x, I ) '  ) for i : 0, . . . , n - I . Now as . '\ '  ran,qes over /.

b y L e m m a 2 . 2 , t h e c o n j u g a t e s o f t h e e l e m e n t s ' r , 1  b y t h e p o w e r s t t ' ( h - 0 , . . . . n - l )

of r generate l/. Consequently 0 is onto. Hence 0 induces a homomorphism 0.

o f  F f  y , *1 (K)  on to  H(Y, r t ,c ) .  Observe  tha t  0 .  maps the  e lements  x ;T ,+ t (K)  on to
( . r ' ( x ,  1 ) ' ' )  where  here  r  :  0 ,  . . . ,n  -  l  and  x  €  X ' .  Now,  by  Lemma 2 .2 ,  the

e l e m e n t s  ( . t ' ( x ,  1 ) ' ' ) w h e r e  a g a i n  r ' -  0 ,  . . . , n  -  l  a n d  x  €  X ' , f r e e l y  g e n e r a t e  t h e

free ni lpotent group l / .  Thus 0* when restr icted to gp(xoy,+r(K),  . . .  , .  rn- f l ,+t(K))

wi th.r  ranging over X' ,  is  an isomorphism. Hence ( f 'y ,* t ( .K))0.  is  not a proper

power  in  gp( (x6y , * r (K) )0* r  i  .  . .  ( r , , -  tT ,+ t (K) )0 . ) .  S ince  the  e lements

(xoy ,+r  (K) )0 . ,  .  .  . ,  (x , , -  t y ,+ r (  K  ) )0 -

are part of a free basis for l/. i t tollows from Lemma 2.3 that (f 'y,*t(.K))0, is not

a  p roper  power  in  1 / .  Bu t  H(Y.n ,c ) l lV  i s  in f in i te  cyc l i c .  Hence ( . f ' y ,+ r (K) )0-  i s

not a proper power in H(Y,n,c) .  Now H(Y, n,  c)  is  n i lpotent of  c lass.  say . i .  I t

fo l lows that f 'y inr(F) is not aproperpower in Fly l*1(F) s ince i ts image underthe

homomorphism from F ly i*r(F) onto H (Y, n,  c)  induced by e is not a proper power

in H (Y, n, c). This completes the proof of Lemma 2.4 I

2.3. The proof of Theorem 1.1 Suppose again that F is a free group, freely

generated by a set X and that f e F is not a proper power. The proof that f is not a

proper power modulo some term of the lower central series of F wil l be by induction

on the length (  of  f  . I f  ( .  :  l ,  f  yr(F) is not a proper power in F lyz(F).  So we can

focus on the case where (. > 1. Inductively then we assume that an element of length

at most (. - 1in a free group is a proper power if and only if i t is a proper power in

every nilpotent image of that free group. We will make this assumption in the lemma

that follows.

t.ll
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LElvlvn 2.5. Let F be a Jree group, freely" generated bt, u set X and let s be att

element of X. Furtherntore, let f e F be of length (., suppose tlxat f is rtot o proper

power and suppose that s occurs irt .f w,itlt exponent sum zero. Then tltere exists art

integer j  snch that f  y i*r( t r )  is  not a proper power i r t  F ly i*1(F).

Pttoop'. In order to prove Lemma 2.5, put X' - X - {s} and let K be the normal

closure in F of X' . Let. as before.

x l  :  s - ' x s '  ( x  €  X ' ,  i  e Z ) .

Then K is freely generated by the x; and f e K. So we can express ./ as a word .f'
in terms of the x;. Moreover. because s occurs with exponent sum 0 in /, / 'has
length at most {! - 2. So, inductively, there exists a nilpotent quotient of K in which

the image of .f is not a proper power. lt follows then from Lemma 2.4 thatthere is a

ni lpotent quot ient  Fly i*r(F) of  F such that f  y1*r(F) :  f 'y i* t (F) is not a proper

power in F f  y i*1(F),  as required. f

In order to complete the proof of Theorem 1.1, we are left with the case of an

element / of length (. > I in the free group F fieely generated by the set X which

is not a proper power and such that none of the elements of X occurs in .f with

exponent sum 0. It follows that f must involve at least two elements of X. We can,

by appealing to Lemma 2.3, also assume that X is f inite. Suppose then that f involves

the elements a and b of X and inductively that in a free group any element of length

less than (. is a proper power only if it is a proper power in every nilpotent factor group.

We express the involvement of a and b in f by using functional notation, that is, by

wri t ing f  :  f  (a,b, . . . ) .  Suppose that a occurs wi th exponent sum a and b wi th

exponent sum B in f  .We freely adioin a P" ' root  r  to c,  so r f  :  e.  The resul tant

group E is free on X - {al U {r}. Moreover, / now takes the form

- f : f ( r f r . b . . . . 1

a n d r o c c u r s w i t h e x p o n e n t s u m  u B i n  f  :  f  ( r F , b . . . . ) .  N e x t p u t u  -  b r o .  T h e n w e

find that E is free on r. u and all of the elements of X exclusive of a and b. Observe

next that

f :  f ( r f , u r - o . . . . ) .

It follows that r now occurs with exponent sum 0 in this new form for f . Let L be

the normal closure of X' : {u} U (X - {a. b}). Then f e L. In addition, L is free

o n t h e c o n j u g a t e s , { ;  -  r - ' x r ' , w h e r e x r a n g e s o v e r X ' a n d i  o v e r t h e i n t e g e r s .  I f  w e

now express / as a word f in terms of these free generators of L, we find that the

length af f is at most (. - 1. On appealing now to Lemma 2.4 and making use of the

induction hypothesis, we find that / is not a proper power modulo some term of the

lower central series of E. Consequently f is not a proper power modulo some term

of the lower central series of F. This completes the proof of Theorem 1.1.
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3. The proof of Theorem 1.2

Let G be a finitely generated, torsion-free nilpotent group given by a consistent

polycyclic presentation (see [1]). We take for granted here the notions and results in

that paper [1] .
The proof that there is an algorithm to decide if an element g in G is a proper power

will be by induction on the class c of G. If c : 1, that is, if G is abelian, then we

can decompose G into a direct product of f initely many infinite cyclic groups. This

allows us to express g as a product of powers of the generators of these infinite cyclic

groups. Then g is a proper power if and only if these powers have a common divisor

d  >  l .

Now suppose that c > 1 and that C is the center of G. By [] we can compute

a consistent polycyclic presentation for C and one for G I C. By a theorem of Kan-

torovich (see, for example, l3)), GIC is again a torsion-free nilpotent group. So

inductively we can determine if gC is a proper power in G lC. If gC is not a proper

power in GIC then g is not a proper power in G. Suppose that gC is a proper

power in G lC. Now, according to Kantorovich. extraction of roots in torsion-free

nilpotent groups is unique in so f-ar as they exist (see again [3]). It follows that we

can express gC uniquely in the form gC : (hC)', where n is chosen maximal. Thus

if gC is a proper power, then g can be written in the form g : h'h' , where h' e C.

Let A : gp(C.h). Then A is an isolated subgroup of G (see [3] for this notion of

isolated). Now g € A and g is a proper power in G if and only if i t is a proper power

in A. A is a finitely generated torsion-free abelian group. Since we can effectively

find a consistent polycyclic presentation for A, it follows that we can decide if g is a

proper power in A. This completes the proof of Theorem 1.2.

It should be noted that since the torsion subgroup of a finitely generated nilpotent

group is finite, the restriction in Theorem 1.2 that G be torsion-free can easily be

omitted. Moreover one can, also easily, fashion a proof that there is an algorithm to

decide if an element in a finitely generated nilpotent group is a proper power by using

two f'acts. First that in a nilpotent group of class c > 1 an element together with the

derived group generates a nilpotent subgroup of class at most c - 1. The second fact

is that in a torsion-free nilpotent group the isolator of a nilpotent subgroup has the

same class as the subgroup itself.
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