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Some Remarks about Multiplicators
and Finitely Presented Groups

Gilbert Baumslae*

1. Introduction

Let G be a finitely generated group. If G is finitely related, then it
is easy to prove that the (Schur-)multiplicator m(G) of G is finitely
generated (see e.g. either [5] or [4]). It was conjectured for some time
that the converse is faise. This has recently been verilied [2]. The question
as to how the homology of a group mirrors its presentations, however,
is really still unanswered. Here we offer two facts, which are somewhat
at variance with each other. The first is an almost obvious positive result.

Theorem A. Let W, be the standard wreath product of a group of prime
order p by an infinite cyclic group, and let G be a finitely generated
metabelian group. U Wo is a factor group of G then the multiplicator of
G is not finitely generated.

The second fact is the antithesis of the first.

Theorem B. Let p be an odd prime which is not diuisible by 3. Then
there exists a 3-generator, metabelian extension G o of Wo by a cyclic group
of order p-| which is not f initely related although its multiplicator is
cyclic (and hence finitely generated).

We prove Theorem A in ). and Theorem B in 3.

2. The Proof of Theorem A

The proof of the theorem depends on the following three easily
proved lemmas.

Lemma l. Let G be a finitely generated group. Then m(G) is finitely
generated if and only if the left-hand end of euery finitely generated central
extension by G is finitely generated; that is, if

l - -C- -+E- - - rG- - - r l

is any short exact sequence where C is a central subgroup of E and E is
finitely generated, then C is finitely generated.
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This lemma is well-known and so the proof is omitted'

Lemma 2. Let
l - - , C ' - + E - - + G - - t

be a central extension. If G is a finitety generated metabelian group and

c is finitely generated, then DllD,E] is finitely generated for euery nor-

mal subgrouP D of E.

Proof. A finitely generated metabelian group satishes the maximal

condition for normal-subgroups (Hall [6]). Hence D is finitely generated

as a normal subgroup oI E modulo C. Since C is a finitely generated

central subgroup- of G it follows readily that DllD, El too is finitely

generated.

Lemma 3. Let G be a finitely generated metabelian group. Then m(G)

is finitely generated if, and only if, m(H) is finitely generated for euery

homomorphic image H of G.

Proof. we present G as a factor group of a finitely generated free

group i ,.". G=F lR. By Lemm al m(G) is l initely generated if, and only
"t, 

njlp,R] is finitely generated. Now any homomorphic ima.ge H of G

can be presented ln itt. form H=FIS where S=R. It follows from

Lemma 2 thal if R/[F, R] is finitely generated, then s/tF' sl is also

finitely generated. so f the multiplicator of .G 
is finitely generated, then

the multiplicator of every homomorphic image of G is also finitely

generated. This completes the proof of Lemma 3'

Theorem A follows easily. it is enough, by Lemma 3, to prove that

m(wr) is not finitely g.n.tut.d. It therefore suffices, by Lemma 1, to

construct a central extension

l-t C --+ E --+ Wr-',1

in which E is finitely generated but C is not. Such central extensions

are plentiful (see Hatt-;01, pp.434,435). This completes the proof of

Theorem A.
There is an easy consequence of Theorem A that is, perhaps, worth

mentioning.

corollary. Let F be a finitely generated.free group and let R be a

normal subgroup of F. If F lR i, on tifinite abelian group, then m(f/[R' R])

is not finitelY generated.

It follows from this corollary that the wreath product P:'4\B of

two finitely generated abelian gioupt A and B ]ras 
a finitely generated

multiplicaioi it and only if, either A:l or B is finite. Therefore P is

finitely presented if, and only if, either A:I or B is finite. This is a

special case of the main result in [1]'
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3. The Proof of Theorem B
Let p be an odd prime which is not divisible by 3. We shall construct

a 3-generator metabelian extension Go of wo isee Theorem A) by a
cyclic group of order p - 1 which is not finiiely related although its
multiplicator is cyclic (and hence finitely generated).

To this end let B be a countably infinite abelian group of exponent p:

B :  ( . . . , b  _ r , b o , b r ,  . . . ; l b ; , b ) -  b ! : I ,  i , . i : 0 ,  +  1 ,  . . . ) .

Then Go is a split extension of B by the direct product of a cyclic group
of order p - 1 on s and the infinite cyclic group on r, where the action
of s and t on B is described in the following presentation:

G  r :  ( . . .  ,  b  - 1 ,  b s ,  b r ,  . . . ,  s ,  r ;  [ s ,  / ]  : 5 r -  t  : \ b , ,  b , ] : b !  :  l ,  b i : b ? ,

b i :b , *y  i , . i : 0 ,  +  1 ,  . . . > .
on putt in l  b:bo, we f ind that Go:gp(b,s,r) .  The above presentat ion
for Go can now be rewritten in terms of these generators as follows:

G o :  ( b , s ,  / ;  s p - t  :  f r ,  t l :  l , b "  : b 2 ,  b o  : l b ,  t - i  b  t i l :  7 ,  i : 0 ,  +  l ,  . . . 5 .

Let us put we: g p(b, r). Then wo is the wreath product of a group of
order p by an infinite cyclic group. Therefore Wois not finitely presented
(e.g. by Theorem A). Now wo is of f inite index'p _1, in Gr. So Go is not
finitely presented

our objective now is to prove that Go has a cyclic multiplicator. To
do so, let us consider the free group F on fl, o,r and let R be the normal
subgroup of F generated by the elements

lo , t l ,  l Jp ,on- r , l l J , t - ,  f i  t , l ,  * I :0 ,  *  1 ,  . . . ,  o - ,  l l  o  [ ] -2 .

Then m(Go): [F, F] n RllF,Rl. put

d :o tE ,n1  ,  i : ? [4R ] ,  l J : / i t 4R l  ,  F :F . / [ nR ] ,  R :R i , [ER] .

Furthermore, we put f i : i - i  l l t '  ( t :0,  *  1,  . . . ) .
Now R is central in F. Hence, for each i,

l f lo ,  f l , ) :o - r l f ro ,  f l , f  o : lo - t  8o6,6- t  f i ,d1 .
Now o-t ll,o-: fi? 4 for an appropriate choice of r,e R. Hence, remem-
bering that R is central in E we find that

l f lo,  f  , f  : l l l37o, f r?T, l : l l l | ,  f i?) : l lo,  B,fo.
This means that

l f ro,  l l , f t  :  l .
17 Math. 2..  Bd. 126
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But because /l6e R, we find

l : l f .6 , f , l : l f ,o .B, fo .

Since p is not divisible by 3 these two conditions yield

l f  o ,  f r , ] : I  f o r  i : 0 ,  +  1 ,  . . .  .

Therefore R :g p(lo,i), l lo, op-r, o-t l l  o l l- '). It follows directly from
this fact that 

tF. rl n R : g p ([o., t] ),

and hence m(G) is cyclic as claimed. This completes the proof of Theo-
rem B.

It is worth noting that although m(Go) is cyclic, m(Wo) is not even
finitely generated (by Theorem A), even thou5h Wo is of finite index
tn Co.

It is also worth pointing out that by varying the construction slightly
it is possible to construct a torsion-free metabelian group, whose derived
group is of infinite rank, which is not finitely related but nevertheless
has a finitely generated multiplicator (cf. also [3]).
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